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INTRODUCTION 


The nine mathematicians whose works are represented ir 
the following pages are among the most famous in the whole 
history of mathematics. Each of them made a significant con- 
tribution to the science — a contribution which changed the 
succeeding course of the development of mathematics. Thai 
is why we have called this book Breakthroughs in Mathe- 
matics. Just as surely as there are technological breakthrough' 
which change our way of living, so are there breakthroughs 
in the pure sciences which have such an impact that they af- 
fect all succeeding thought. 

The mathematicians whose works we examine bridge a span 


of more than 2200 years, from Euclid, who lived and worked 
in Alexandria around 300 b.c., to Bertrand Russell, whose 
major mathematical work was accomplished in the first years 
of the twentieth century. These nine chapters survey the major 
parts of mathematics; a great many of its branches are touched 
on. We shall have occasion to deal with geometry, both Eu- 
clidean and non-Euclidean, with arithmetic, algebra, analytic 
geometry, the theory of irrationals, set-theory, calculus of 
probability, and mathematical logic. Also, though this is a rna 
ter of accident, the authors whose works we study come trom 
almost every important country in the West- rom 
Greece and Hellenistic Rome, Egypt, France, Germany, Great 

Britain, and Russia. -tt 

No collection of nine names could possibly £ a " 

great mathematicians. Let us just name s ° rae . f • 0 r p ere2 
mous ones whom we had to ignore here: Gottfried 

ur£ e , de Fennat ’ Blaise PascaJ ’ BaaC (£ 0 '2 Cantos^ and 
Wilhelm Leibniz, Karl Friedrich Gauss, Geo *£ N, 

many, many others. There are a number otr^ 
chose the particular a 
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„ C t, 0 i ce such as this is, of course, based on subjective and 
nersonal prefereuces. On objective grounds, however, we were 
mainlv interested in presenting treatises or parts of treaties 
that would exemplify the major branches of mathematics, that 
would he complete and understandable in themselves, and 
that would' not require a great deal of prior mathematical 
knowledge. There is one major omission which we regret: 
none of the works here deals with the calculus. The reason is 
that neither Newton nor Leibniz (who simultaneously devel- 
oped modem calculus) has left us a short and simple treatise 
on the subject. Newton, to be sure, devotes the beginning of 
his Principia to the calculus, but unfortunately his treatment 
of the matter is not easy to understand. 

What is the purpose in presenting these excerpts and the 
commentaries on them? Very simply, we want to afford the 
reader who is interested in mathematics and in the history of 
its development an opportunity to see great mathematical 
v minds at work. Most readers of this book will probably already 
,'\have read some mathematical books — in school if nowhere 
-'else. But here we give the reader a view of mathematics as it 
is being developed; he can follow the thought of the greatest 
mathematicians as they themselves set it down. Most great 
mathematicians are also great teachers of mathematics; cer- 
tainly these nine writers make every possible effort to make 
their discoveries understandable to the lay reader. (The one 
exception may be Descartes, who practices occasional delib- 
erate obscurity in order to show off his own brilliance.) Each 
of these selections can be read independently of the others, as 
an example of mathematical genius at work. Each selection 
will make the reader acquainted with an important advance 
in mathematics; and he will learn about it from the one per- 
son best qualified to teach him — its discoverer. 

Breakthroughs in Mathematics is not a textbook. It does 
not aim at the kind of completeness that a textbook possesses. 
Rather it aims to supplement what a textbook does by present- 
ing to the reader something he cannot easily obtain elsewhere: 
excerpts from the words of mathematical pioneers themselves. 
Most people with any pretense to an education have heard 
the names of Euclid, Descartes, and Russell, but few have 
read their works. With this little book we hope to close that 
gap and enable a reader not merely to read about these men 
and to be told that they are famous, but also to read their 
famo\iT d t0 * UdSe f ° r 1111118611 wh y “d whether they are justly 
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Ideally, these nine selections can and should be read without 
need of further explanation from anyone else. If there are any 
readers who would like to attempt reading only the nine se- 
lections (Part I of each chapter) without the commentaries 
(Part II of each chapter), they should certainly try to do so. 
The task is by no means impossible; and what may be lost in 
time is probably more than outweighed by the added pleasure 
as well as the deeper understanding that such a reader will 
cany away with him. 

However, the majority of readers will probably not want 
to undertake the somewhat arduous task of proceeding with- 
out any help. For them, we have provided the commentaries 
in Part II of each chapter. These commentaries are meant to 
supplement but not to replace the reader’s own thought about 
what he has read. In these portions of each chapter, we point 
out what are the highlights of the preceding selection, what 
are some of the difficulties, and what additional steps should 
be taken in order to understand what the author is driving at. 
We also provide some very brief biographical remarks about 
the authors and, where necessary, supply the historical back- 
ground for the book under discussion. Furthermore, we oc- 
casionally go beyond what the author tells us in his work, and 
indicate the significance of the work for other fields and fu- 
ture developments. 

Just as the nine selections give us merely a sampling of 
mathematical thought during more than 2000 years, so the 
commentaries do not by any means exhaust what can be said 
about the various selections. Each commentary is supposed to 
help the reader understand the preceding selection; it is not 
supposed to replace it. Sometimes, we have concentrated on 
explaining the difficult parts of the work being considered; 
sometimes, we have emphasized something the author has 
neglected; at still other times, we extend the author’s thought 
beyond its immediate application. But no attempt is or could 
be made at examining all of the selections in complete detail 
and pointing out everything important about them. Such a 
task would be impossible and unending. Different commen- 
taries do different things; in r ' h ' ,otpr ,Vlp a«tWs 

selection contains more tha 
mentary. 

In short, our aim is to he 
obvious difficulties so that h 
itself. We do this in the hop 
what these mathematicians h 
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CHAPTER CmE 

Euclid — The Beginnings of Geometry 


PART i 


The following selection consists of the first 26 propositions 
Book I of Euclid’s Elements oj Geometry. This is just a lit 
more than half of the first book, which altogether contai 
48 propositions. Book I itself, however, is only part of t 
Elements; there are thirteen books in this work. 

Book I presents the major propositions of plane geometi 
except those involving circles. Book II deals with the trar 
•formation of areas. Books III and IV add propositions abo 
circles. Book V takes up the subject of ratios and proportio 
in general; Book VI applies it to geometry. Books VII, VI] 
and IX are not geometrical in character at all, but arithmetic: 
that is, they treat of numbers. Book X takes up a rather sp 
cial subject, namely incommensurable lines and areas. Th 
is the longest of the thirteen books. Books XI and XII de 
with solid geometry. Book XIII also has to do with solid geori 
etry, but with a rather special part of it: the five regular solid 
These are the solids that have as their surfaces regular pol} 
gons (polygons all of whose angles and sides are equal). Th 
last proposition in the entire work proves that there can on b 
be these five solids and no more. The five are these: the tetra- 
hedron, consisting of four equilateral triangles; the bexabe^f 
(or cube), consisting of six squares; the octahedron. coffi^ r 3" 
of eight equilateral triangles; the icosahedron, cot»s~'-=- 
twenty equilateral triangles; and finally the dode‘~ w ~'" " 
sisting of twelve regular pentagons. ■> 
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circumference of the circle, and such a straight line also bisects 
the circle. 

18. A semicircle is the figure contained by the diameter 
and the circumference cut off by it. And the centre of the 
semicircle is the same as that of the circle. 

19. Rectilineal figures are those which are contained by 
straight lines, trilateral figures being those contained by three, 
quadrilateral those contained by four, and multilateral those 
contained by more than four straight lines. 

20. Of trilateral figures, an equilateral triangle is that which 
has its three sides equal, an isosceles triangle that which has 
two of its sides alone equal, and a scalene triangle that which 
has its three sides unequal. 

21. Further, of trilateral figures, a right-angled triangle is 
that which has a right angle, an obtuse-angled triangle that 
which has an obtuse angle, and an acute-angled triangle that 
which has its three angles acute. 

22. Of quadrilateral figures, a square is that which is both 
equilateral and right-angled; an oblong that which is right- 
angled but not equilateral; a rhombus that which is equilateral 
but not right-angled; and a rhomboid that which has its op- 
posite sides and angles equal to one another but is neither 
equilateral nor right-angled. And let quadrilaterals other than 
these be called trapezia. 

23. Parallel straight lines are straight lines which, being in 
the same plane and being produced indefinitely in both di- 
rections, do not meet one another in either direction. 
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COMMON NOTIONS 

1. Things which are equal to the same thing are also equal 
to one another. 

2. If equals be added to equals, the wholes are equal. 

3. If equals be subtracted from equals, the remainders are 
equal. 

4. Things which coincide with one another are equal to 
one another. 

5. The whole is greater than the part. 


PROPOSITIONS 
Proposition 1 

■ a given finite straight line to construct an equilateral tri- 
angle. 

Let AB be the given finite straight line. 

Thus it is required to construct an equilateral triangle on 
the straight line AB. 



With centre A and distance AB let the circle BCD be de- 

scribed; [post. 3 j 

again, with centre B and distance BA let the circle ACE be 
described; [Post. 3] 

and from the point C, in which the circles cut one another, to 
the points A, B let the straight lines CA, CB be joined. [Post, l] 
Now, since the point A is the centre of the circle CDB, AC 
is equal to AB. [Def.is] 

Again, since the point B is the centre of the circle CAE, 
BC is. equal to BA. [Del. 15] 
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But CA was also proved equal to AB; therefore each o 
straight lines CA, CB is equal to AB. 

And things which are equal to the same thing are also c 
to one another; [c 

therefore CA is also equal to CB. 

Therefore the three straight lines CA, AB, BC are equ 
one another. 

Therefore the triangle ABC is equilateral; and it has 
constructed on the given finite straight line AB. (Being) 
was required to do. 


Proposition 2 

To place at a given point (as an extremity) a straight line t 
to a given straight line. 

Let A be the given point, and BC the given straight 
Thus it is required to place at the point A (as an extren 
a straight line equal to the given straight line BC. 



From the point A to the point B let the straight line A. 

oined; tPc 

md on it let the equilateral triangle DAB be constructed. 
Let the straight lines AE, BF be produced in a straight 

vith DA, DB; . , [P ! 

vith centre B and distance BC let the circle CGH be descri 


ind again, with centre D and distance DG let the 
>e described. 

Then, since the point B is the centre of the 
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Again, since the point D is the centre of the circle GKL, 
DL is equal to DG. 

And in these DA is equal to DB; therefore the remainder 
AL is equal to the remainder BG. [C.N.3] 

But BC was also proved equal to BG; therefore each of the 
straight lines AL, BC is equal to BG. 

And things which are equal to the same thing are also equal 
to one another; ter-/. 13 

therefore AL is also equal to BC. 

Therefore at the given point A the straight line AL is placed 
equal to the given straight line BC. (Being) what it was re- 
quired to do. 


\ Proposition 3 

) 

' Given two unequal straight lines, to cut off from the greater a 
straight line equal to the less. 


Let AB, C be the two given unequal straight lines, and let 
AB be the greater of them. 

Thus it is required to cut off from AB the greater a straight 
line equal to C the less. 

At the point A let AD be placed equal to the straight line C ; 
, . , [ I . 21 

and with centre A and distance AD let the circle DEF be 

described. [Post. 31 

Now, since the point A is the centre of the circle DEF, AE 
is equal to AD. [Def. 15J 


C 
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Therefore each of the straight lines AE, C is equal to AD; 
so that AE is also equal to C. [c.w. i] 

Therefore, given the two straight lines AB, C, from AB the 
greater AE has been cut off equal to C the less. (Being) what 
it was required to do. 


Proposition 4 

If two triangles have the two sides equal to two sides respec- 
tively , and have the angles contained by the equal straight lines 
equal, they will also have the base equal to the base, the tri- 
angle will be equal to the triangle , and the remaining angles 
will be equal to the remaining angles respectively, namely those 
which the equal sides subtend. 

Let ABC, DEF be two triangles having the two sides AB, AC 
equal to the two sides DE, DF respectively, namely AB to DE 
and AC to DF, and the angle BAC equal to the angle EDF. 

I say that the base BC is also equal to the base EF, the tri- 
angle ABC will be equal to the triangle DEF, and the remain- 
ing angles will be equal to the remaining angles respectively, 
namely those which the equal sides subtend, that is, the angle 
ABC to the angle DEF, and the angle ACB to the angle DFE. 

For, if the triangle ABC be applied to the triangle DEF, and 
if the point A be placed on the point D and the straight line 
AB on DE, then the point B will also coincide with E, because 
AB is equal to DE. 



Again, AB coinciding with DE, the straight line AC will also 
coincide with DF, because the angle BAC is equal to the angle 
EDF; hence the point C will also coincide with the point F, 
because AC is again equal to DF. 

But B also coincided with E; hence the base BC will coincide 

with the base EF. ■ — ^ n „ 

[For if, when B coincides with E and C with F< yc BC 
does not coincide with the base EF, two straigh _ 
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- space: which is impossible. Therefore the base BC will 
coincide with m and wiU be equal to it. icx. * 

Thus the whole triangle ABC will coincide with the whole 
triangle DBF, and will be equal to it. 

And the remaining angles will also coincide with the re- 
maining angles and will be equal to them, the angle ABC to 
the angle DBF, and the angle ACB to the angle DFE. 
Therefore etc. (Being) what it was required to prove. 


Proposition 5 

In isosceles triangles the angles at the base are equal to one 
another, and, if the equal straight lines be produced further , 
he angles under the base will be equal to one another. 

Let ABC be an isosceles triangle having the side AB equal to 
the side AC; and let the straight lines BD, CE be produced 
further in a straight line with AB, AC. fPost.2] 

I say that the angle ABC is equal to the angle ACB, and the 
angle CBD to the angle BCE. 

Let a point F be taken at random on BD; from AE the 
greater let AG be cut off equal to AF the less; £1.3] 

and let the straight lines FC, GB be joined. [Post. 1] 

Then, since AF is equal to AG and AB to AC, the two sides 
FA, AC are equal to the two sides GA, AB, respectively; and 
- they contain a common angle, the angle FAG. 



Therefore the base FC is equal to the base GB, and the tri 
angle AFC is equal to the triangle AGB, and the remaininj 
angles will be equal to the remaining angles respectively 
namely those which the equal sides subtend, that is, the angli 
ACF to the angle ABG, and the angle AFC to the angle AGB 
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And, since the whole AF is equal to the whole AG, and in 
these AB is equal to AC, the remainder BF is equal to the re- 
mainder CG. 

But FC was also proved equal to GB; therefore the two 
sides BF, FC are equal to the two sides CG, GB respectively; 
and the angle BFC is equal to the angle CGB, while the base 
BC is common to them; therefore the triangle BFC is also equal 
to the triangle CGB, and the remaining angles will be equal to 
the remaining angles respectively, namely those which the 
equal sides subtend; therefore the angle FBC is equal to the 
angle GCB, and the angle BCF to the angle CBG. 

Accordingly, since the whole angle ABG was proved equal 
to the angle ACF, and in these the angle CBG is equal to the 
angle BCF, the remaining angle ABC is equal to the remaining 
angle ACB; and they are at the base of the triangle ABC. 

But the angle FBC was also proved equal to the angle GCB’, 
and they are under the base. 

Therefore etc. q.e.d. 


Proposition 6 

If in a triangle two angles be equal to one another, the sides 
which subtend the equal angles will also be equal to one 
another. 

Let ABC be a triangle having the angle ABC equal to the 
angle ACB. 

I say that the side AB is also equal to the side AC. 

For, if AB is unequal to AC, one of them is greater. 



Let AB be greater; and from AB the greater let DB ' '' ■ 
off equal to AC the less; let DC be joined. 

Then, since DB is equal to AC, and BC is common, tl . 
sides DB, BC are equal to the two sides AC, CB rcspec. ^ -• 
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Proposition 8 

If two triangles have the two sides equal to two sides respec- 
tively, and have also the base equal to the base, they will also 
have the angles equal which are contained by the equal straight 
lines. 

Let ABC, DEF be two triangles having the two sides AB, AC 
equal to the two sides DE, DF respectively, namely AB to DE, 
and AC to DF; and let them have the base BC equal to the 
base EF; I say that the angle BAC is also equal to the angle 
EDF. 



For, if the triangle ABC be applied to the triangle DEF, and 
if the point B be placed on the point E and the straight line 
BC on EF, the point C will also coincide with F, because BC 
is equal to EF. 

Then, BC coinciding with EF, BA, AC will also coincide 
with ED, DF; for, if the base BC coincides with the base EF, 
and the sides BA, AC do not coincide with ED, DF but fall 
beside them as EG, GF, then, given two straight lines con- 
structed on a straight line (from its extremities) and meeting 
in a point, there will have been constructed on the same straight 
line (from its extremities), and on the same side of it, two 
other straight lines meeting in another point and equal to the 
former two respectively, namely each to that which has the 
same extremity with it. But they cannot be so constructed. 

[ 1 - 7 ] 

Therefore it is not possible that, if the base BC be applied 
to the base EF, the sides BA, AC should not coincide with ED, 
DF; they will therefore coincide, so that the angle 
also coincide with angle EDF, and will be equal to i' -• _ - 

Therefore etc. 
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Proposition 9 

To bisect a given rectilineal angle. 

Let the angle BAC be the given rectilineal angle. 

Thus it is xequired to bisect it. 

Let a point D be taken at random on AB; let AE be cut o2 
from AC equal to AD\ B- 3 1 

let DE be joined, and on DE let the equilateral triangle DEF 
be constructed; let AF be joined. 


A 



B F C 


I say that the angle BAC has been bisected by the straight 
line A F. 

For, since AD is equal to AE, and AF is common, the two 
sides DA, AF are equal to the two sides EA, AF respectively. 

And the base DF is equal to the base EF; therefore the angle 
DAF is equal to the angle EAF. [1. 8] 

Therefore the given rectilineal angle BAC has been bisected 
by the straight line AF. QJ3.F. 


Proposition 10 

To bisect a given finite straight line. 

Let AB be the given finite straight line. 

Thus it is required to bisect the finite straight line AB. 

Let the equilateral triangle ABC be constructed on it, [t. i] 
and let the angle ACB be bisected by the straight line CD; tx. 9] 
I say that the straight line AB has been bisected at the point 
D. 
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F°r, since AC is equal to CB, and CD is common, the tv 
sides AC, CD are equal to the two sides BC, CD respective! 
and the angle ACD is equal to the angle BCD ; therefore tl 
base AD is equal to the base BD. IL 

Therefore the given finite straight line AB has been h 
sected at D. oe 


Proposition 11 

To draw a straight line at right angles to a given straight lin 
from a given point on it. 

Let AB be the given straight line, and C the given point on i 
Thus it is required to draw from the point C a straight lin 
at right angles to the straight line AB. 


P 



Let a point D be taken at random on AC; let CE be made 
equal to CD; II. 3 ; 

on DE let the equilateral triangle FDE be constructed, n. i] 
and let FC be joined; I say that the straight line FC has beer 
drawn at right angles to the given straight line AB from C the 
given point on it. 

For, since DC is equal to CE, and CF is common, the two 
sides DC, CF are equal to the two sides EC, CF respectively; 
and the base DF is equal to the base FE; therefore the angle 
DCF is equal to the angle ECF; II. 8] 

and they are adjacent angles. 

But, when a straight line set up on a straight line makes the 
adjacent angles equal to one another, each of the equal angles 
is right; _ _ 101 

therefore each of the angles DCF, FCE is right. s v 

Therefore the straight line CF has been drawn at r' .. 

to the given straight line AB from the given point C t 
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Proposition 12 

'o a given infinite straight line, from a given point which is 
lot on it, to draw a perpendicular straight line. 

Let ATS be the given infinite straight line, and C the given 
point which is not on it; thus it is required to draw to the given 
infinite straight line AB, from the given point C which is not 
on it, a perpendicular straight line. 



For let a point D he taken at random on the other side of 
the straight line AB, and with centre C and distance CD let 
the circle EFG be described; [Post. 3] 

let the straight line EG be bisected at H, [I. ioj 

and let the straight lines CG, CH, CE be joined. [Post, l] 

I say that CH has been drawn perpendicular to the given 
infinite straight line AB from the given point C which is not 
on it. 

For, since GH is equal to HE, and HC is common, the two 
sides GH, HC are equal to the two sides EH, HC respectively; 
and the base CG is equal to the base CE\ therefore the angle 
CHG is equal to the angle EHC. [i.g] 

And they are adjacent angles. 

But, when a straight line set up on a straight line makes the 
adjacent angles equal to one another, each of the equal angles 
is right, and the straight line standing on the other is called 
a perpendicular to that on which it stands. [Det. ioj 

Therefore CH has been drawn perpendicular to the given 
infinite straight line AB from the given point C which is not 
on it. Q.E.F. 
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Proposition 13 

If a straight iine set up on a straight line makes angles, it will 
make either two right angles or angles equal to two right angles. 

For let any straight line AB set up on the straight line CD 
make the angles CBA, ABD\ I say that the angles CBA, ABD 
are either two right angles or equal to two right angles. 


D 



C 


Now, if the angle CBA is equal to the angle ABD, they are 
two right angles. [Def. 10] 

But, if not, let BE be drawn from the point B at right angles 
to CD; [i. li] 

therefore the angles CBE, EBD are two right angles. 

Then, since the angle CBE is equal to the two angles CBA, 
ABE, let the angle EBD be added to each; therefore the angles 
CBE, EBD are equal to the three angles CBA, ABE, EBD. 

tC.,Y. 2] 

Again, since the angle DBA is equal to the two angles DBE, 
EBA, let the angle ABC be added to each; therefore the angles 
DBA, ABC are equal to the three angles DBE, EBA, ABC. 

t C.iV. 2] 

But the angles CBE, EBD were also proved equal to the 
same three angles; and things which are equal to the same 
thing are also equal to one another; [c.n. i] 

therefore the angles CBE, EBD are also equal to the angles 
DBA, ABC. But the angles CBE, EBD are two right angles; 
therefore the angles DBA, ABC are also equal to two right 
angles. 

Therefore etc. Q££>- 


Proposition 14 

If with any straight line, and at a point on it, t» 
not lying on the same side make the adjacent * ^ ■ 
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nr, since the straight line AE stands on the straight line CD, 
ing the angles CEA, AED, the angles CEA, AED are equal 
vo right angles. [L !3] 

gain, since the straight line DE stands on the straight line 
making the angles AED, DEB, the angles AED, DEB are 
d to two right angles. t i. 13] 

ut the angles CEA, AED were also proved equal to two 
t angles; therefore the angles CEA, AED are equal to the 
les AED, DEB. [Post. 4 and C_V. I] 

,et the angle AED be subtracted from each; therefore the 
laining angle CEA is equal to the remaining angle BED. 

[CJV.3J 

.imilarly it can be proved that the angles CEB, DEA are 
) equal. 

therefore etc. Q.E.D. 

Torism. From this it is manifest that, if two straight lines 
: one another, they will make the angles at the point of sec- 
n equal to four right angles.] 


Proposition 16 


: any triangle, if one of the sides be produced, the exterior 
tgle is greater than either of the interior and opposite angles. 


IBC be a triangle, and let one side of it BC be produced 
say that the exterior angle ACD is grea er 311 e,t er 
nterior and opposite angles CBA, 



a m BE be joined and pro- 
ket AC be bisected at E H- 5 °1 » ?. . _ to BE [i. 3] , / 


a straight line to F; let 
et BC be joined rPost . n. and let A 


duced L_ _ 

joined [Post.1], 
khen, since AE is eoual to EC, 


’ll to G. 


I 


ost. 2J. 
'des 
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AE, EB are equal to the two sides CE, EF respectively; and 
the angle AEB is equal to the angle FEC, for they are vertical 
angles. 

Therefore the base AB is equal to the base FC, and the tri- 
angle ABE is equal to the triangle CFE, and the remaining 
angles are equal to the remaining angles respectively, namely 
those which the equal sides subtend; t 1 - 4 1 

therefore the angle BAE is equal to the angle ECF. 

But the angle ECD is greater than, the angle ECF; IC.N. s] 
therefore the angle A CD is greater than the angle BAE. 

Similarly also, if BC be bisected, the angle BCG, that is, the 
angle A CD [1. 15 ] , can be proved greater than the angle ABC 
as well. 

Therefore etc. Q.E.D. 


Proposition 17 

In any triangle two angles taken together in any manner are 
less than two right angles. 

Let ABC be a triangle; I say that two angles of the triangle 
ABC taken together in any manner are less than two right 
angles. 



For let BC be produced to D. jPost. 2] 

Then, since the angle ACD is an exterior angle of the tri- 
angle ABC, it is greater than the interior and opposite angle 
ABC. Let the angle ACB be added to each; therefore the angles 
ACD, ACB are greater than the angles ABC, BCA. But the 
angles ACD , ACB are equal to two right angles. [i. 13] 

Therefore the angles ABC, BCA are less than two right 
angles. 

Similarly we can prove that the angles BAC, ACB are also 
less than two right angles, and so are the angles CAB, ABC 
as well. 

Therefore etc. 


Q.E.D. 
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Proposition 18 

In any triangle the greater side subtends the greater angle. 

For let ABC be a triangle having the side AC greater than 
AB; I say that the angle ABC is also greater than the angle 
BCA. 



For, since AC is greater than AB, let AD be made equal tc 
AB [i. 3] , and let BD be joined. 

Then, since the angle ADB is an exterior angle of the tri- 
angle BCD, it is greater than the interior and opposite angle 
DCB. [1. 16] 

But the angle ADB is equal to the angle ABD, since the side 
AB is equal to AD] therefore the angle ABD is also greater 
than the angle ACB] therefore the angle ABC is much greater 
than the angle ACB. 

Therefore etc. q.e.d. 


Proposition 19 

In any triangle the greater angle is subtended by the greater 
side. 

Let ABC be a triangle having the angle ABC greater than the 
angle BCA] I say that the side AC is also greater than the side 

AB. 
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Proposition 21 

f on one of the sides of a triangle, from its extremities, there 
e constructed two straight lines meeting within the triangle, 
he straight lines so constructed will be less than the remaining 
wo sides of the triangle, but will contain a greater angle. 

On BC, one of the sides of the triangle ABC, from its ex- 
remities B, C, let the two straight lines BD, DC be constructed 
leeting within the triangle; I say that BD, DC are less than the 
emaining two sides of the triangle BA, AC, but contain an 
ngle BDC greater than the angle BAC. 



For let BD be drawn through to E. 

Then, since in any triangle two sides are greater than the 
remaining one, [i. ~oj 

therefore, in the triangle ABE, the two sides AB, AE are 
greater than BE. 

Let EC be added to each; therefore BA, AC are greater £— 
BE, EC. 

Again, since, in the triangle CED, the two sides CE. EE zx 
greater than CD, let DB be added to each; therefore CE EE 
are greater than CD, DB. 

But BA, AC were proved greater than BE, EC: ±exxx 
BA, AC are much greater than BD, DC. 

Again, since in any triangle the exterior angle i' grm.mr mar 
the interior and opposite angle, ri 

therefore, in the triangle CDE, the exrericr "hr EEC 
greater than the angle CED. 

For the same reason, moreover, in me rrifr EFE arc. 
the exterior angle CEB is greater than me mrce 5--T =— =? 
angle BDC was proved greater me angle rerr. = 
the angle BDC is much greater me ~-~' e E~ — 

Therefore etc. 
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Proposition 22 

ut of three straight lines, which are equal to three given 
raight lines, to construct a triangle: thus it is necessary that 
) 0 of the straight lines taken together in any manner should 
2 greater than the remaining one. 

Let the three given straight lines be A, B, C, and of these let 
tvo taken together in any manner be greater than the remaki- 
ng one, namely A, 8 greater than C; A, C greater than B ; and 
?, C greater than A\ thus it is required to construct a triangle 
>ut of straight lines equal to A , B, C. 



Let there be set out a straight-line DE, terminated at D but 
of infinite length in the direction of E, and let DF be made 
equal to A, FG equal to B, and GH equal to C. Ii. 33 

With centre F and distance FD let the circle DKL be de- 
scribed; again, with centre G and distance GH let the circle 
KLH be described; and let KF, KG be joined; I say that the 
triangle KFG has been constructed out of three straight lines 
equal to A, B, C. 

For, since the point F is the centre of the circle DKL, FD 
is equal to FK. 

But FD is equal to A\ therefore KF is also equal to A. 

Again, since the point G is the centre of the circle LKH, GH 
is equal to GK. 

But GH is equal to C ; therefore KG is also equal to C. And 
FG is also equal to £; therefore the three straight lines KF, 
FG, GK are equal to the three straight lines A, B, C. 

Therefore out of the three straight lines KF, FG, GK, which 
are equal to the three given straight lines A, B, C, the triangle 
KFG has been constructed. q.e.f. 
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Proposition 23 

On a given straight line and at a point on it to construct a rec- 
tilineal angle equal to a given rectilineal angle. 

Let AB be the given straight line, A the point on it, and the 
angle DCE the given rectilineal angle; thus it is required to 
construct on the given straight line AB, and at the point A on 
it, a rectilineal angle equal to the given rectilineal angle DCE. 



On the straight lines CD, CE respectively let the points D, 
E be taken at random; let DE be joined, and out of three 
straight lines which are equal to the three straight lines CD, 
DE, CE let the triangle AFG be constructed in such a way 
that CD is equal to AF, CE to AG, and further DE to FG. 

[ 1 . 22 ] 

Then, since the two sides DC, CE are equal to the two sides 
FA, AG respectively, and the base DE is equal to the base FG, 
the angle DCE is equal to the angle FAG. [L 8] 

Therefore on the given straight line AB, and at the point A 
on it, the rectilineal angle FAG has been constructed equal to 
the given rectilineal angle DCE. q.e.f. 


Proposition 24 

If two triangles have the two sides equal to two sides respec- 
tively, but have the one of the angles contained by the equal 
straight lines greater than the other, they will also have the 
base greater than the base. 

Let ABC, DEF be two triangles having the two sides AB, AC 
equal to the two sides DE, DF respectively, namely AB to DE, 
and AC to DF, and let the angle at A be greater than the angle 
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at D; I say that the base BC is also greater than the base EF. 



For, since the angle BAC is greater than the angle EDF, let 
there be constructed, on the straight line DE, and at the point 
D on it, the angle EDG equal to the angle BAC; [1. 23] 

let DG be made equal to either of the two straight lines AC, 
DF, and let EG, FG be joined. 

Then, since AB is equal to DE, and AC to DG, the two sides 
BA, AC are equal to the two sides ED, DG, respectively; and 
the angle BAC is equal to the angle EDG; therefore the base 
BC is equal to the base EG. [ 1 . 4] 

Again; since DF is equal to DG, the angle DGF is also equal 
to the angle DFG; [ 1 . 5] 

therefore the angle DFG is greater than the angle EGF. 

Therefore the angle EFG is much greater than the angle 
EGF. 

And, since EFG is a triangle having the angle EFG greater 
than the angle EGF, and the greater angle is subtended by the 
greater side, [i. 19] 

the side EG is also greater than EF. But EG is equal to BC. 
• Therefore BC is also greater than EF. 

Therefore etc, q.e.d. 


Proposition 25 

If two triangles have the two sides equal to two sides respec- 
tively, but have the base greater than the base, they will also 
have the one of the angles contained by the equal straight lines 
greater than the other. 

Let ABC, DEF be two triangles having the two sides AB, AC 
equal to the two sides DE, DF respectively, namely AB to DE, 
and AC to DF; and let the base BC be greater than the base 
EF; I say that the angle BAC is also greater than the angle 
EDF. 
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For, if not, it is neither equal to it or less. 

Now the angle BAC is not equal to the angle EDF] for then 
the base BC would also have been equal to the base EF, [1. 4] 
but it is not; therefore the angle BAC is not equal to the angle 
EDF. 

Neither again is the angle BAC less than the angle EDF’, 
for then the base BC would also have been less than the base 
EF, ' It- 24 ] 

but it is not; therefore the angle BAC is not less than the angle 
EDF. 

But it was proved that it is not equal either; therefore the 
angle BAC is greater than the angle EDF. 

Therefore etc. qe.d. 


Proposition 26 

If two triangles have the two angles equal to two angles re- 
spectively, and one side equal to one side , namely, either the 
side adjoining the equal angles, or that subtending one of the 
equal angles, they will also have the remaining sides equal to 
the remaining sides and the remaining angle to the remaining 
angle. 

Let ABC, DEF be two triangles having the two angles ABC, 
BCA equal to the two angles DEF, EFD respectively, namely 
the angle ABC to the angle DEF, and the angle BCA to the 
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Therefore BC is not unequal to EF, and is therefore equal 
) it. 

But AB is also equal to DE; therefore the two sides AB, BC 
re equal to the two sides DE, EF respectively, and they con- 
un equal angles; therefore the base AC is equal to the base 
>F, the triangle ABC equal to the triangle DEF, and the re- 
taining angle BAC equal to the remaining angle EDF. [1.4] 

Therefore etc. qje.d. 


PART II 

Geometry is a pursuit which suffers from the fact that ini- 
ially it is — or seems to be — almost too easy. The word “al- 
;ebra” calls to mind unintelligible scribbles and fearsome 
ormulas; geometry, on the other hand, seems like an easy- 
;oing and useful discipline. The worst thing about geometry 
eems to be its name, but apprehension concerning it quickly 
banishes when we learn — as no book on geometry fails to tell 
is — that “geometry” means “measurement of the earth” and 
hat the ancient Egyptians practiced geometry because they 
bund it necessary to resurvey their lands each year after the 
loods of the Nile had inundated their country. 

This view of geometry is, no doubt, in very large part cor- 
ect. Of all the various branches of mathematics, geometry is 
.he one that is most easily apprehended by the student new to 
he subject Yet there is also something dangerous in the very 
;ase with which geometrical matters can be comprehended: 
ve may think that we understand more than we really do. 

An example of the kind of misunderstanding that many 
people have concerning geometry but of which they are un- 
aware lies in the matter of terminology. For instance, many 
people will call the figure here drawn a “square.” (See Figure 
L-l) Now this is wrong; yet if it were called to their attention, 
such people would perhaps be annoyed at the pettiness which 
did not realize that they meant the figure was “sort of squarish” 
and so might as well be called a square. In one sense, they 
would be right; words, after all, are a matter of convention. 
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and furthermore the figure here depicted (a rectangle) is sort 
of squarish. 


Figure 1~1 

But the matter is not to be dismissed as simply as all that. 
It 3 Is precisely the task of geometry to make exact what we 
mean when we say that a rectangle is not a square and yet is 
\ “sort of squarish.” If we proceed with this task and succeed 
in making clear the similarities and the differences between a 
rectangle and a square, we shall then have defined hoth 
“square” and “rectangle.” And this is the first— though by no 
means the only or the most important — task of geometry. 

There are many other areas where f amil iarity with geo* 
metrical subject matter may interfere with our ability — at least 
initially to think scientifically about geometry. Ask a layman 
to look at Figure 1-2. It is drawn so that the two sides of the 



triangle issuing from the peak are equal. (Such a triangle is 
called isosceles.) Suppose I now assert that the two angles at 
the bottom of the triangle are also equal. Chances are very 
good that a layman would accept that statement and perhaps 
even add the exclamation “of course!” There is nothing wrong 
here on the surface. The two angles at the base are in fact 
equal. What is not so clear, however, is that this is a matter 
of course. Intuition may tell us that the angles are equal. But 
geometry, when conducted as a science, does not rely on in- 
tuition. A geometer would refuse to believe a statement of the 
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and made above until it had been proved- Nor should such 
efusal be considered perverse; there are many known in- 
fances where the “obvious truth” turned out to be false. (The 
eader is probably himself familiar with some such cases; 
nany are popularly known as mathematical puzzles.) Instead 
)f intuition, the geometer relies on proof or demonstration to 
:onvince himself of the truth of a geometrical proposition, 
rhis is asecond, and a much more important, task of geometry. 

In his Elements, Euclid brings definition and proof, order 
md precision, to the entire geometrical area. Euclid is neither 
he first nor the greatest geometer who ever lived. However, 
le is probably the greatest known compiler and organizer of 
geometrical material. Although before Euclid there were ge- 
ometers and geometrical knowledge, not much of geometry 
lung together in a systematic fashion. Euclid arranged what 
ie found (and added some things of his own), and the result 
s a systematic body of knowledge which has ever since been 
mown as Euclidean geometry. 

Some of the geometers whose achievements are preserved 
n Euclid’s Elements are known to us. For example, it is 
bought that Book V, which deals with ratios and proportions, 
s due to Eudoxus, while Book X, which is the longest of the 
hirteen books and deals with a very specialized subject — ge- 
ometrical magnitudes incommensurable with one another — is 
ascribed to Theaetetus. Aristotle mentions Eudoxus as a geom- 
iter and astronomer; Theaetetus is one of the speaker’s in 
Plato’s dialogue Theaetetus. Book XIH of the Elements, which 
discusses the five regular solids (tetrahedron or triangular pyra- 
mid, hexahedron or cube, octahedron, icosahedron, and do- 
decahedron) is thought to be the special contribution of Euclid 
himself. 

Very little is known about Euclid’s life. He lived and worked 
around 300 b.c. in Alexandria, though he was probably trained 
in Athens. He wrote several works besides the Elements, but 
his fame rests on this book. 

Book I of the Elements covers the major portions of plane 
geometry. Omissions arise from the fact that almost nothing 
is said about circles (this subject is reserved for Books III and 
IV) and that there is no measurement of lines and areas in 
Book L 

Book I begins with what we may call a “preliminary r- ! ^ 
followed by a much longer “main part.” The prelim imm\ ri ^ 
has three sections: Definitions, Postulates, and t 
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23 stands by itself, because it is needed at this point: it 
5 how to construct an angle equal to a given angle. Propo- 
s 24-26 constitute a group that combines what has been 
ed in Propositions 16—19 and in Propositions 20—22. The 
ination of this group is Proposition 26, another congru- 
proposition which shows that two triangles are congruent 
e side and two angles of one triangle are equal to the cor- 
mding side and angles of the other triangle. 

)w it is time to look at Euclid’s work in some detail. We 
. with the Definitions. It is quite easy to understand what 
itions are and why they must precede the remainder of 
d’s work. Before Euclid can talk intelligently about tri- 
:s, rectangles, etc., he must tell us what these things are; 
■wise we should know neither what he is talking about nor 
her he is correct in his assertions. Thus it is entirely ap- 
riate that Euclid define “point,” “line,” “triangle,” “circle,” 
ight line,” etc. 

:e Euclid’s definitions good ones? For example, a point 
:fined as “that which has no part.” A line is defined as 
adthless length,” and a straight line is said to lie “evenly 
the points on itself.” Are these definitions really helpful 
nderstanding the things under consideration? If we did 
already know what a point is, would the definition help us? 
vould it tend to confuse us? For instance, it might seem 
according to Euclid a point is nothing at all; for if it were 
hing, it would have to have parts. And, in the definition 
. straight line, how helpful is it to say that it lies evenly 
i the points on itself? We may also wonder if Euclid has 
led a sufficient number of terms. Why, for instance, did 
lot define the term “part”? Or, the term “evenly”? This 
:r term would seem to be crucially important, since straight- 
i is defined by means of it Here we see a fundamental fact 
lefinitions: Not everything can be defined. This fact is so 
ortant that we must investigate it a little more. 

Jefining something means giving its meaning with the help 
ather terms. But these other terms may themselves be in 
d of definition. And, indeed, if we are faced with sorrecrr 
> takes nothing for granted and wants to be sure of rverv- 
ig, we will be forced to go on defining. It is ease re see rrer 
is a losing game: if the original term beire deiced s >, 

; if we define A in terms of B, C, and P. tier we eve re- 
ed to define B, C, and D. In doint so. new rerrrs ~rjs re 
d. We obviously cannot use the term ro deice 5. store . 

1 s meaning that is at stake. But the rev rerrrs. sr* if 5- 
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jacent to each other. A right angle, Euclid states, is forrr 
when two lines intersect in such a fashion that two adjaci 
angles are equal to each other. (See Figure 1-3.) Each of t 
two equal adjacent angles is then a right angle. 

If angle A = angle B, then A, B are both right angles. 



Figure 1-3 

The definition is perhaps more remarkable for what it do 
not say than for anything else. It does not say that a rig 
angle is equal to 90°. This is an instance of Euclid’s carefi 
ness in his defining process. The term “degree” has not be< 
defined by him (and in fact is nowhere defined in the El 
merits); hence he does not employ it in his definition of a rig 
angle. More than prudence is involved here: the term “degree 
if it were defined, would be seen to be dependent on “rig! 
angle”; that is, the definition of “angle of 1°” would have i 
be “an angle which is the 90th part of a right angle.” 

The other definition to which we want to call attention 
the last one. It defines parallel lines as those straight lines whic 
never meet, no matter how far they are extended in eithc 
direction, provided that the two lines are in the same plant 
(If they are not in the same plane, they could fail to meet an 
yet not be parallel. Such non-meeting, but not-parallel line 
in three dimensions are called “skew.”) 

This brings us to the postulates, which are five in numbei 
Of these, the most famous and the most interesting is the fift 
postulate, the so-called “parallel postulate.” This postulate i 
thought to be Euclid’s own contribution to plane geometry 
and if he had done nothing else in geometry, he would be fa 
mous for it. We shall discuss this postulate in great detail i: 
the next chapter, in connection with the selection from Lc 
bachevsky. 

Of the remaining four postulates, the first three arc vcr 
much alike; they “postulate” that certain geometrical con 
structions can be done. The root meaning of the word “postu 
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jacent to each other. A right angle, Euclid states, is formec 
when two lines intersect in such a fashion that two adjacen 
angles are equal to each other. (See Figure 1-3.) Each of the 
two equal adjacent angles is then a right angle. 

If angle A — angle B, then A, B are both right angles. 
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The definition is perhaps more remarkable for what it does 
not say than for anything else. It does not say that a right 
angle is equal to 90°. This is an instance of Euclid’s careful- 
ness in his defining process. The term “degree” has not been 
defined by him (and in fact is nowhere defined in the Ele- 
ments) ; hence he does not employ it in his definition of a right 
angle. More than prudence is involved here: the term “degree,” 
if it were defined, would be seen to be dependent on “right 
angle”; that is, the definition of “angle of 1°” would have to 
be “an angle which is the 90th part of a right angle.” 

The other definition to which we want to call attention is 
the last one. It defines parallel lines as those straight lines which 
never meet, no matter how far they are extended in either 
direction, provided that the two lines are in the same plane. 
(If they are not in the same plane, they could fail to meet and 
yet not be parallel. Such non-meeting, but not-parallel lines 
in three dimensions are called “skew.”) 


This brings us to the postulates, which are five in number. 
Of these, the most famous and the most interesting is the fifth 
postulate, the so-called “parallel postulate.” This postulate is 
thought to be Euclid’s own contribution to plane geometry, 
and if he had done nothing else in geometry', he would be fa- 
mous for it We shall discuss this postulate in great detail in 
the next chapter, in connection with the selection from Lo- 
bachevsky. 

Of the remaining four postulates, the first three are very 
much alike; they “postulate” that certain geo— trical con- 
structions can be done. The root meaning of t’ , y^postu- 
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be joined by a unique great circle (a great circle is one whose 
center is at the center of the sphere); but all great circles are 
finite in length and all are equally long. Figure 1—4 shows two 
points A and B on the surface of a sphere which are joined 
by a “great circle.” Another great circle, in the position of an 



“equator,” has been drawn to illustrate how all great circles 
are equal. Among other things, then, the postulates indicate 
what kind of geometry Euclid is talking about. He is not talk- 
ing about spherical geometry, for in such a geometry his postu- 
lates would obviously not apply. 

Though the particular postulates that Euclid chooses are 
arbitrary, they are obviously chosen with a good deal of pru- 
dence. They are those postulates which are needed in order to 
prove the important propositions of ordinary plane geometry. 
Here, as elsewhere, Euclid follows common sense. He departs 
from it only where it is absolutely necessary Euclid could 
have chosen other postulates; for instance, he might lave 
postulated that around any two points an ellipse of a given 
eccentricity can be drawn. Such a postulate wou e i us ^ 
permissible as the one about the circle whic e uses. gr 
many propositions could be proved with the help of this postu- 
late which cannot be proved with Euclid s (and vice sersa). 
As it happens, however, the propositions which the ellipse- 
postulate permits us to prove are rather reco . — Drove 

propositions which Euclid’s circlc-postu a c a 

(and which would be lost if the other one vverr .. - arc 

all very well known and very usc (o. i : . 
these propositions could no longer e „ 
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lates of the system; but neither could the opposites of these 
propositions be derived. 

The fourth postulate is hot an operational postulate. It sim 
ply states that all right angles are equal to one another. Thi 
postulate is worthy of note, because at first sight it seems su 
perfluous. It seems obvious that all right angles are the same 



Figure 1-5 

But again what seems so obvious is not necessarily so. To sho' 
this, look at Figure l-5a and b. If A = B, then A and B a 1 
both right angles. If C = D, then C and D are both right angh 
also. But is it clear that A — C, or B = D1 Not necessaril 
In the diagrams as drawn, we have in fact tried to make A n 
equal to C, and B not equal to D. The reader may object th 
the diagrams also look as though A and B were not equal, ar 
as though C and D were not really equal. This is granted as f 
as looks are concerned; but geometry does not go by looks, 
it is maintained that the diagrams as we have drawn them re 
"resent impossible situations — that is, that A and C must 1 
equal, because otherwise A and B cannot be equal — then th 
is merely a restatement of Euclid’s fourth postulate. Like tl 
postulate, it is an assertion of certain relations of equality, wit 
out proof. Euclid’s postulate makes explicit what we feel mt 
be true: if the postulate did not hold, the situation depicti 
in Figure 1— 5c might prevail (if the two figures 1— 5a and 
were superimposed on one another). This situation cann 
exist, however, if all right angles are equal to one another. 


Finally we come to the common notions, or axioms. Eucl 
sets down five statements which, he feels, are self-evident. Th 
is to say,' they are true and known to be true by everyone wl 
understands the meaning of the terms in the statements. Tl 
common notions do seem rather obvious; the first one, for i: 
stance, states: “Things which are equal to the same thing a 
also equal to one another.” Their very obviousness and sin 
plicity may inspire contempt; and a less careful geometer the 
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Euclid might not bother to put them down at all. But here again 
Euclid follows the rule to put down everything that he needs 
as a tool for the propositions that are to come. 

Is there any difference between the postulates and the com- 
mon notions? In Euclid’s mind, there clearly is. He is apolo- 
getic about the postulates (as the name indicates). He asks us 
to grant him the truth of the postulates. But Euclid does not 
ask us to do anything about the common notions; he simply 
states them as true, because he obviously feels that they are. 
Thus we may say that the postulates are geometrical assump- 
tions, whereas the common notions are general self-evident 
truths. This statement points to another difference between 
postulates and axioms: the former are geometrical in nature, 
while the axioms are generally true. Presumably another sci- 
ence, such as arithmetic, would have postulates different from 
those of geometry. But the axioms used in arithmetic would be 
the same as those used in geometry. 

This, at least, seems to be Euclid’s way of looking at things. 
Other views are possible. For instance, some mathematicians 
maintain that postulates and common notions are not really 
different. The postulates can be (and perhaps even should be) 
stated in nongeometrical language; and the common notions, 
according to these mathematicians, are not more self-evident 
than the postulates. Both common notions and postulates 
should be recognized for what they are: assumptions. We will 
not, at the moment, pursue this view any further. Again we 
recognize, however, that Euclid is on the side of common 
sense. It seems as though the common notions are a lot more 
evident than the postulates, and it certainly seems as though 
they have a wider applicability than the postulates do. 


Now it is time to turn to some of the actual propositions in 
Book I. We have earlier noted that the propositions fall into 
three main parts and that each of these parts can again c 
divided into a number of groups. We have also already pointed 

out that the various parts and groups are orgamcn \ re a c 
♦i ? .i . .. .. * . . Infpr nncs. Is it if 


iuat i ue various pans anu giuup c f - T 

that is, that the earlier parts lead naturally to ? tc £°” cs ' . 
case, thpn mot a ^ thp nroDOsitions m Book I is in- 


case, then, that the order of the propositions in B« 

s!f 1 y /"“ ribed7 ° r '» « na,e ,be 

be order of the propositions cannot be d fferen ,, fs M 
ls ? The answer to this question is a qualm 
hec that the order of the propositions as S 1 '*-. .. 
solutely the oniy one that could have been 7 
other geometry textbooks will show that this is 
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tions whatever. In the middle is the kind of gco/u'by in v/lif' 
postulates are made; enough postulates no dial all III'’ piop'ft 
ons of geometry can be proved, but no rnoie Ilian n "/,'^.tai ; 
his is the kind of geometry which Undid aims hi |i/ v v n< * 
s here. To have made Proposition 1 a postulate '//odd fiav 
ffended, therefore, against the (implied) principle of mi/J 
s few postulates as possible. 

Nov/ let us look at how the construction is fie';omp)hb'7 
rom each of the end points /) and li of the given line « cJ/'J 
; described, vdth the given line as its radius, (dec f dgu/e J - d. 
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aition 1, Euclid has a new construction available, namely, that 
fflf an equilateral triangle. In the next proposition, therefore, 
Euclid could make use of any one of four constructions: to 
join two points by a straight line, to extend a straight line, to 
draw a circle with any given radius and center, to construct 
an equilateral triangle with a given side. 

How valid is Euclid's proof that the figure constructed is 
actually the one called for? Euclid makes no attempt to prove 
that the figure ABC is in fact a triangle; presumably this is 
clear and obvious from the diagram. (It may not be so ob- 
vious as Euclid thinks; remember that the lines and figures 
with which Euclid is concerned are not those on paper but 
ideal lines and figures in the geometer’s mind. There might be 
some difficulty in inferring something about the shape of a 
figure that is ideal and invisible from a visible and material 
diagram.) The proof that the three sides of the triangle are 
all equal depends on the definition of a circle. Euclid reminds 
us (as the bracketed figure indicates) that in Definition 15 a 
circle is defined as the kind of figure in which all radii are 
equal. This, together with Common Notion 1, is sufficient to 
show that all three sides of the triangle are of the same length. 

A purist could raise some objections to Euclid’s procedure. 
For instance, how do we know that the two circles, one with 
the center at A, and the other with the center at B, meet at 
all? And if they do meet, is Euclid correct in assuming, as he 
obviously does, that they meet in a point? This latter fact could 
probably be proved from the definition of “line” as “breadth- 
less length"; but Euclid certainly does not do it. 

Proposition 2 deserves a close look. As in Proposition 1, a 
construction is called for. We are given a point, and we are 
given a finite straight fine. The point is not on the line. The 
problem is to place the given line (or more correctly, another 
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line equal to it in length) in such a way that the given point 
is one of the end points of the line. (See Figure 1-7.) The 
whole language of the proposition is very physical; it speaks 
of placing lines, of touching lines, etc. Accordingly, the answer 
to the problem also seems physically simple: just pick up the 
given line and put it over where the point is. If lines and points 
were in fact physical entities, this solution would be excellent 
Since, however, they are ideal things, the solution cannot de- 
pend on any physical picking up or motion throuah space. 
What must be done can involve only those constructions or 
operations which are possible because of the postulates or the 
one additional tool which Euclid now has-Proposition 1. 

^ ickinc nn’ Tr m po . stuIates “ Proposition 1 about 
would be fhe hne °- r about lts S eome trical equivalent, which 
^we look Tf T 1 10 m ° Ve a space. In fact, 

ee th ? nl ? a P /° positi011 2 to accomplish, we can 

Si const ? ctio u a can be sho ™ * be 

through space^Pronn - geom f e . r permission to move lines 

a postulate 

To accomplish Ae conSrSnn S OUt Cbangm = its Ien g^” 
end of the given line areT? h f glven P oint and one 

tine are first connected. (It can be either end; 
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Figure 1-86 


f this triangle, DA and DB, are extended indefinitely, accord- 
ig to Postulate 2. Now comes the real trick of the proposition, 
i circle is described, with B as center and the given line BC 
s radius. This circle intersects the extended line DB in the 
oint G. This gives us the line DG, which is longer than the 
ine we are looking for by the amount DB. But if we now draw 
circle around D as center with the line DG as radius, we 
ibtain the line DL (where the circle intersects the extension 
if DA ) . DL, therefore, is longer than the line we are looking 
or also by the amount DB (or what is the same thing, DA). 
tut that leaves AL as the line of the desired length and, further- 
nore, starting exactly at the point where we want it to, A. 

This proposition certainly displays Euclid’s ingenuity as a 
;eometer. But, we may ask ourselves with some dismay, is 
his not an awfully complicated amount of construction to 
lave to go through simply in order to place a line at a given 
ioint? If such a simple operation requires so many steps and 
o many justifications, think of how complicated a truly diffi- 
ult geometrical construction must be! Fortunately we can 
Jlay these fears. The manner of showing how this construc- 
ion is accomplished is indeed complicated, but it will never 
ie needed again. From now on when it is necessary to move 
. line from where it is to some other location, Euclid simply 
ays, “Let it be done,” and refers to Proposition 2 as his justifi- 
ation for the fact that it can be done. This is exactly bow 
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two points only one straight line can be drawn.) Since the two 
triangles coincide in all respects, Euclid concludes that they 
are congruent. 

There can be no quarreling with the result. We may won- 
der, however, about the legitimacy of Euclid’s method of proof. 
How valid is the method of superimposition as geometrical 
proof? The reader may recall that in connection with Proposi- 
tion 2 we pointed out that geometrical entities like points and 
lines are not physical things and that they cannot simply be 
picked up and moved about in space. Here, however, Euclid 
does this very thing. If it is legitimate here, why wasn’t it 
legitimate in Proposition 2? If Euclid had allowed himself that 
method earlier, the whole cumbersome method of construction 
in Proposition 2 could have been eliminated. 

The best answer we can give is that just as “picking up” 
lines was not legitimate in Proposition 2, so it is really not 
legitimate here. In other words, it may well be that the proof 
of Proposition 4 is very faulty indeed, or to put it more bluntly, 
‘that it is no proof at all. Does this mean that what Proposition 
4 states is not true? Not at all; it merely means that Euclid’s 
way of proving it is unsatisfactory. Are there other ways of 
proving this proposition? There may be, especially if we sup- 
plement Euclid’s postulates with some additional ones (such 
as one about the movability of geometrical figures without 
distortion). But if additional postulates are needed in order 
to prove Proposition 4, could we not simply solve the problem 
by making Proposition 4 itself a postulate? The answer is that 
we certainly could. The only question is whether it is prefer- 
able to have Proposition 4 itself as a postulate or to have a 
different postulate about the movability of geometrical figures. 
The second postulate would be more general in character; that 
may or may not be an advantage. Whichever solution is 
adopted, it is clear that the proof of Proposition 4 cannot be ac- 
cepted unless at least one additional assumption is made. That 
additional assumption may be the truth of Proposition 4 itself, 
or it may be some other assumption from which the truth of 
Proposition 4 can be demonstrated. 

No matter how we resolve the difficulty concerning Proposi- 
tion 4, it still remains true that it in no way depends on any 
of the preceding propositions. Hence, could not Proposition 4 
have come before the first three propositions? Or to put the 
same question in a slightly different way: Is there any reason 
why Proposition 1 rather than Proposition 4 should be put 
first in the book? 
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There is a reason for beginning with Proposition 1, and 
derives from the fact that Proposition 1 is a constructic 
whereas Proposition 4 is not. Construction propositions (a 
postulates) perform a very important function in geometi 
Suppose that there were no construction postulates and tl 
no proposition had as yet been proved in Book I. The oi 
purely geometrical knowledge we would have then would ; 
side in the definitions. These define certain ideal entities, su 
as straight lines, triangles, and circles. Do we know, as t 
result of these definitions, that these things actually exi 
Lest it seem that we have raised a foolish question, becai 
anything which has been defined must exist, we point to 1 
fact that there are many things that can be defined but whi 
do not exist. A favorite example, of course, is mermaids. The 
is nothing self-contradictory about the definition of a m 
maid; yet such beings do not exist. Many other things can 
defined and yet no guarantee given that they exist. We are x 
talking about obviously self-contradictory definitions (such 
that of a round square) , but of definitions of things that cou 
but as a matter of fact do not, exist 

How do we know, then, that straight lines exist? Frt 
Postulate 1, because that postulate states that a straight li 
can be drawn between any two points; a line that can 
drawn obviously exists. Similarly, Postulate 3 assures us 
the real existence of circles. But how do we know that 1 
angles exist? There is no postulate to assure us that triang 
can be drawn. Instead of a postulate, however, there is 
proposition that assures that triangles exist. Proposition 
shows us how an equilateral triangle can be drawn; and ij 
can be drawn, it exists. 

Construction propositions, therefore, not only show us hi 
to perform certain geometrical constructions, but they a 
assure us that the geometrical entity being constructed is 
really existing one. This in turn indicates why it is preferal 
to have Proposition 1 precede Proposition 4, even though t 
two propositions are independent of each other. If Euc 
began Book I with Proposition 4, his readers might wonc 
whether he is stating something and proving something abc 
a figure that does not have any reality. 

We need say very little about Proposition 5 except to poi 
out that it is a typical proposition. It is a demonstration, n 
a construction; it does not employ any strange methods 
proof like Proposition 4, and in general it is an example 
what most people have in mind when they think of a eeomet 
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cal theorem. The proposition is also a good instance of Euclid’s 
careful progressive method. It could not come any earlier in 
Book I, because it depends on both Propositions 3 and 4. An- 
other respect in which this proposition is typical is that it in- 
volves a subsidiary construction; that is, a construction is 
made in the proof for no other purpose than to make the 
demonstration possible. 

Proposition 6 is in one way much less important than Propo- 
sition 5, but it is of more interest to us because of the way in 
which it is proved. The method of proof is called “reduction 
to the absurd." It is one of the most frequently used methods 
in all of mathematics. 

Proposition 6 is the converse of Proposition 5. The latter 
showed that in isosceles triangles the base angles are equal; the 
former proves that if in a triangle the base angles are equal, 
then the triangle is isosceles. We are given, therefore, that the 
angle at B and the angle at C are equal. (See Figure l-9a.) We 



Figure 1-9 


are to prove that AB — AC. Let us assume, Euclid says, the 
opposite of what we want to prove. We will then go on to 
show that this (the opposite) cannot possibly be true. The 
opposite of AB ' s being equal to AC is that AB is not equal to 
AC. If AB is not equal to AC, then one side has to be greater 
than the other. ' It does not matter for the purposes of the 
proof which side it is; let us say that it is AB that is greater. 
Since AB is greater, cut off from AB the segment DB equal to 
AC. Then join DC. Euclid shows, by using Proposition 4, that 
the two triangles DBC and ACB are equal. (To show which 
two triangles Euclid is talking about, we have separated them 
in Figure l-9b. The corresponding parts have been marked.) 
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But it is clearly impossible that these two triangles are equal, 
Euclid continues, because one triangle is wholly contained 
within the other. Hence we have been led to an impossible 
or absurd conclusion. Since all the steps in the proof were, 
however, logically impeccable, what can be the source of the 
impossible conclusion? It can be only one thing: the initial 
assumption that AB is greater than AC. Since true premises 
never lead to false conclusions (as long as no logical fallacies 
are committed), it must be that the premise “ AB is greater 
than AC" is false. If that premise is false, its contradictory 
must be true; that is, it must be true that AB is not greater 
than AC. This still leaves the possibility that AB is smaller 
than AC, but that premise can be shown to lead to an absurdity 
just as quickly as the previous one. Thus, the only premise 
which does not lead to any absurdity is that AB is equal to AC. 

The power of this method lies in the fact that it is not 
restricted to geometry. It can be used anywhere. Simply as- 
sume the truth of the opposite (contradictory) of what you 
want to prove. Then see if this assumption leads to any ab- 
surdities or impossibilities. If it does, the original assumption 
must be false, and so its contradictory (which is what you 
wanted to prove in the first place) is true. 

The method depends on two logical principles: First, a false 
conclusion is a sign of a false premise somewhere in a logical 
process (assuming that the various steps of the process are 
carried out according to the ordinary laws of logic). Second, 
if a proposition is false, then its contradictory is true; and 
again, if a proposition is true, then its contradictory is false. 
This is not surprising, because two contradictory propositions 
are defined as a pair of propositions such that only one can 
be true at a time, and only one can be false at a time. For 
example, the contradictory of the proposition “this board is 
red" is the proposition “this board is not red.” The contra- 
dictory is not any proposition like “this board is blue,” because 
quite obviously both “this board is red” and “this board is 
blue” can be false at the same time — for example, if the board 
is green. 

A word of caution may be in order about the first logical 
principle (that a false conclusion is a sign of a false premise). 
The opposite is not true; that is, a true conclusion is not a 
sign of true premises. If, using a set of premises and valid 
reasoning, you arrive at a true conclusion, it may still be the 
case that one or more of your premises are false. An example 
may be helpful. Each of the two following premises is false: 
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(1) All Americans speak French fluently; (2) General de 
Gaulle is an American. But these two premises combine cor- 
rectly to give the following true conclusion: General de Gaulle 
speaks French fluently. 

There are many variations of reduction to the absurd. We 
shall encounter some of them later on in this book. The im- 
portant thing is to be sure that the logical processes involved 
are valid and to be certain that the conclusion which you claim 
to be absurd is so in fact. In Proposition 6 it is worth noting 
that the discovery of the absurdity depends on visual intuition; 
that is, Euclid asks us to look at the diagram and to see 
that the two triangles clearly cannot be equal because the one 
is totally within the other. Once more this raises the question 
of how appropriate it is for Euclid to depend on sight and on 
the diagram in his book when, as we have repeatedly pointed 
out, Euclidean geometry is not concerned with visible lines, 
triangles, etc. 

Although there are many more propositions in Book I, we 
shall not examine most of them in detail, since they present 
neither much difficulty nor any new principles. In the next 
chapter, however, we shall examine another group of propo- 
sitions from Book I that does exhibit a new principle. 
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CHAPTER TWO 
Lobacbevski — N on-Euclidean Geometry 


PART I 


The following selection consists of two sections. First, we have 
six more propositions from Book I of Euclid’s Elements 
(Propositions 27-32). These are propositions dealing with 
parallel lines. With these Euclidean propositions we have 
placed some pages from Loba'chevski’s Theory of Parallels. 
This work discusses Euclid’s theory of parallels, finds fault 
with it, and substitutes another theory for it. In so doing, 
Lobacbevski develops a version of “non-Euclidean geometry,” 


Euclid: 

Elements of Geometry * 


BOOK I 


Proposition 27 


If a straight line falling on two straight lines make the alternate 
angles equal to one another, the straight lines will be parallel 
to one another. 

For let the straight line EF falling on the two straight lines 
AB, CD make the alternate angles AEF, EFD equal to one 
another; 


* Fror a The Thirteen Books of Euclid’s Elements trans hv 
Thomas L. Heath (2nd ed.; London: Cambridge University Press 1926 ) 
Reprinted by permission. ’ 




I say that AB is parallel to CD. 

For, if not, AB, CD when produced will meet either in the 
direction of B, D or towards A, C. 

Let them be produced and meet, in the direction of B, D, 
at G. 

Then, in the triangle GEF , the exterior angle AEF is equal 
to the interior and opposite angle EFG : 

, which is impossible. [X. 161 

, Therefore AB, CD when produced will not meet in the di- 
rection of B, D. 

Similarly it can be proved that neither will they meet to- 
wards A, C. 

But straight lines which do not meet in either direction are 
parallel; [Def. 23] 

therefore AB is parallel to CD. 

Therefore etc. q.e.d. 


Proposition 28 

If a straight line falling on two straight lines make the ex- 
terior angle equal to the interior and opposite angle on the 
same side, or the interior angles on the same side equal to two 
right angles, the straight lines will be parallel to one another. 

For let the straight line EF falling on the two straight lines 
AB, CD make the exterior angle EGB equal to the interior 
and opposite angle GHD , or the interior angles on the same 
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side, namely BGH, GHD, equal to two right angles; I say the 
AB is parallel to CD. 

For, since the angle EGB is equal to the angle GHD, whil 
the angle EGB is equal to the angle AGH, ILL 

the angle AGH is also equal to the angle GHD\ and they ar 
alternate; therefore AB is parallel to CD. IL 2 ' 

Again, since the angles BGH, GHD are equal to two righ 
angles, and the angles AGH, BGH are also equal to two righ 
angles, & 13 

the angles AGH, BGH are equal to the angles BGH, GHB 
Let the angle BGH be subtracted from each; therefore th 
remaining angle AGH is equal to the remaining angle GHD 
and they are alternate; therefore AB is parallel to CD. [I.2I 
Therefore etc. Q.EX 


Proposition 29 

A straight line falling on parallel straight lines makes the alter 
nate angles equal to one another, the exterior angle equal t< 
the interior and opposite angle, and the interior angles on th 
same side equal to two right angles. 

For let the straight line EF fall on the parallel straight line 
AB, CD; I say that it makes the alternate angles AGH, GHL 
equal, the exterior angle EGB equal to the interior and opposit 
angle GHD, and the interior angles on the same side, name! 
BGH, GHD, equal to two right angles. 


B 


D 


For, if the angle AGH is unequal to the angle GHD, om 
of them is greater. 

Let the angle AGH be greater. 

n^ nglC DGH be added t0 each ’ therefore the angle 
A DGH are greater than the angles BGH GHD. 

But the angles AGH, BGH are equal to two right angles 
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therefore the angles BGH, GHD are less than two right angles. 

But straight lines produced indefinitely from angles less 
than two right angles meet; tP°st. si 

therefore AB, CD, if produced indefinitely, will meet; but they 
do not meet, because they are by hypothesis parallel. 

Therefore the angle AGH is not unequal to the angle GHD, 
and is therefore equal to it. 

Again, the angle AGH is equal to the angle EGB\ [i.is] 
therefore the angle EGB is also equal to the angle GHD. 

iC . N . I] 

Let the angle BGH be added to each; therefore the angles 
EGB, BGH are equal to the angles BGH, GHD. [ CM . 23 
But the angles EGB, BGH are equal to two right angles; 

[I. Ul 

therefore the angles BGH, GHD are also equal to two right 
angles. 

Therefore etc. q.e.d. 


Proposition 30 

Straight lines parallel to the same straight line are also parallel 
to one another. 

Let each of the straight lines AB, CD be parallel to EF; I 
say that AB is also parallel to CD. 



For let the straight line GK fall upon them. 

Then, since the straight line GK has fallen on the parallel 
straight lines AB, EF, the angle of AGK is equal to the angle 
GHF. [i- 29 ) 

Again, since the straight line GK has fallen on the parallel 
straight lines EF, CD, the angle GHF is equal to the angle 
GKD. [ 1 , 29 ] 

But the angle AGK was also proved equal to the angle GHF\ 
therefore the angle AGK is also equal to the angle GKD; 

. , [ CM . t ] 

and they are alternate. 
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Therefore AB is parallel to CD.* 


Q.E.D. 


Proposition 31 

Through a given point to draw a straight line parallel to a 
given straight line. 

Let A be the given point, and BC the given straight line; 
thus it is required to draw through the point A a straight line 
parallel to the straight line BC. 



Let a point D be taken at random on BC, and let AD he 
joined; on the straight line DA, and at the point A on it, let 
the angle DAE be constructed equal to the angle ADC ft. 23i; 
and let the straight line AF be produced in a straight line 
with E/4. 

Then, since the straight line AD falling on the two straight 
lines BC, EF has made the alternate angles EAD, ADC equal 
to one another, therefore EAF is parallel to EC. 

Therefore through the given point A the straight line LAI 
has been drawn parallel to the given straight line BC. q.e.f. 


Proposition 32 

In any triangle, if one of the sides be produced , the 
angle is equal to the two interior and opposite angles, 
three interior angles of the triangle are equa to tv. 

angles. 

Let ABC be a triande, and let one side of it BC be p: 
to D; I say that the exterior angle ACD to i in- 

terior and opposite angles CAB. ABC. an c »•;- 
angles of the triangle ABC, BCA ,C/-. B a>e Cyit.- • 
angles. 

* The usual conclusion in t 

*ne enunciation is, curiously enouen, — ^ 

si lion. 


exterior 
and the 
■o right 

•oduccd 
two in- 
interior 
• o riant 
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For let CE be drawn through the point C parallel to the 
straight line AD. 31 1 



Then, since AB is parallel to CE, and AC has fallen upon 
them, the alternate angles BAC, ACE are equal to one an- 
other. f 1 - 29 1 

Again, since AB is parallel to CE, and the straight line BD 
has fallen upon them, the exterior angle ECD is equal to the 
interior and opposite angle ABC. [1.29] 

But the angle ACE was also proved equal to the angle 
BAC\ therefore the whole angle ACD is equal to the two in- 
terior and opposite angles BAC, ABC. 

Let the angle ACB be added to each; therefore the angles 
ACD, ACB are equal to the three angles ABC, BCA, CAB. 
But the angles ACD, ACB are equal to two right angles; 

ti. J3J 

therefore the angles ABC, BCA, CAB are also equal to two 
right angles. 

Therefore etc. Q.E.D. 


Nicholas Lobachevski: The Theory of Parallels * 


In geometry I find certain imperfections which I hold to be 
the reason why this science, apart from transition into ana- 
lytics, can as yet make no advance from that state in which it 
has come to us from Euclid. 

As belonging to these imperfections, I consider the obscurity 
in the fundamental concepts of the geometrical magnitudes and 
in the manner and method of representing the measuring of 
these magnitudes, and finally the momentous gap in the theory 


* From Geometrical Researches on the Theory o / Parallels, Irons, 
by George B. Halsted (Chicago-London: The Open Court Publishing 
in.'n, 19 4 ’ “Pyrtshl by The Open Court Publishing Co., La Salle, HI.,' 
iDh2), pp, 11-19. Reprinted by permission. 
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of parallels, to fill which all efforts of mathematicians have 
been so far in vain. 

For this theory Legendre’s endeavors have done nothing, 
since he was forced to leave the only rigid way to turn into a 
side path and take refuge in auxiliary theorems which he il- 
logically strove to exhibit as necessary axioms. My first essay 
on the foundations of geometry I published in the Kasan 
Messenger for the year 1829. In the hope of having satisfied all 
requirements, I undertook hereupon a treatment of the whole 
of this science, and published my work in separate parts in the 
“ Gelehrten Schriften der Universitaet Kasan” for the years 
1836, 1837, 1838, under the title “New Elements of Geometry, 
with a complete Theory of Parallels.” The extent of this work 
perhaps hindered my countrymen from following such a sub- 
ject, which since Legendre had lost its interest Yet I am of 
the opinion that the Theory' of Parallels should not lose its 
claim to the attention of geometers, and therefore I aim to 
give here the substance of my investigations, remarking be- 
forehand that contrary to the opinion of Legendre, sj . other 
imperfections — for example, the definition of a straight fine — 
show themselves foreign here and without any real ir. fiuer.ee 
n n the Theory of Parallels. 

In order not to fatigue my reader wizn^vze ^..u.rituoe cf 
lose theorems whose proofs present r.c d — cumer. i prefix 
ere only those of which a knowledge is cezer .^ far w.:a. 
allows. 

1. A straight line fits upon itself in *.■. i-cu-cu.- ~ - 
mean that during the revolution of tie . 1 •- 

he straight line does not change Ls P- -* 7. 
wo unmoving points in the surface.^ ( 

; urface con tainin g it about two P 0 -*— 


ioes not move.) 
2. Two strai, 


i z~i lines can not inter y 

3. A straight line sufficiently prc^z-C 

t—t i-r'c snd in suen va ; c—~. - 


out beyond all hounds, and in sue: 
into two parts. , , 

A Two straight lines pcrpcnd.cular - — 
sect, how far soever they be produce** • _ 

3. A straight line always cut". 

Slde of it over to the other side: (>■ 

cut another if ithar. coints on . 

A Vertical aneies,’ where the sine, • r 
of the sides of the other, arc equal. - 
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ieal angles among themselves, as also of plane surface 
lgles: (i. e., dihedral angles.) 

7. Two straight lines can not intersect, if a third cuts them 
t the same angle. 

8. In a rectilineal triangle equal- sides lie opposite equal 
ngles, and inversely. 

9. In a rectilineal triangle, a greater side lies opposite a 
rreater angle. In a right-angled triangle the hypothenuse is 
greater than either of the other sides, and the two angles 
idjacent to it are acute. 

10. Rectilineal triangles are congruent if they have a side 
and two angles equal, or two sides and the included angle 
equal, or two sides and the angle opposite the greater equal, or 
three sides equal. 

11. A straight line which stands at right angles upon two 
other straight lines not in one plane with it is perpendicular 
to all straight lines drawn through the common intersection' 
point in the plane of those two. 

12. The intersection of a sphere with a plane is a circle. 

13. A straight line at right angles to the intersection of two 
perpendicular planes, and in one, is perpendicular to the other. 

14. In a spherical triangle equal sides lie opposite equal 
angles, and inversely. 

15. Spherical triangles are congruent (or symmetrical) if 
they have two sides and the included angle equal, or a side 
and the adjacent angles equal. 

From here follow the other theorems with their explanations 
and proofs. 

16. " AH straight lines which in a plane go out from a point 
can with reference to a given straight line in the same plane, 
be divided into two classes — into cutting and not-cutting. 

The boundary lines of the one and the other class of those 
lines will be called parallel to the given line. 

From the point A (Fig. 1) let fall upon the line BC the 
perpendicular AD, to which again draw the perpendicular 
AE. 

In the right angle EAD either will all straight lines which 
go out from the point A meet the line DC, as for example AF, 
or some of them, like the perpendicular AE, will not meet the 
• ih , . uncertainty whether the perpendicular AE 

is e only line which does not meet DC, we will assume it 
, e P oss ible that there are still other lines, for example AG, 
w ic .do not cut DC, how far soever they may be prolonged, 
passing over from the cutting lines, as AF; to the not-cutting 



Figure 1 


lines, as AG, we must come upon a line AH, parallel to DC, 
a boundary line, upon one side of which all lines AG are such 
as do not meet the line DC, while upon the other side every _ 
straight line AF cuts the line DC. 

The angle HAD between the parallel HA and the perpen- 
dicular AD is called the parallel angle (angle of parallelism), 
which we will here designate II (p) for AD = p. 

If II (p) is a right angle, so will the prolongation AE' of the 
perpendicular AE likewise be parallel to the prolongation DB 
of the line DC, in addition to which we remark that in regard 
to the four right angles, which are made at the point A by the 
perpendiculars AE and AD, and their prolongations AE' and 
AD', every straight line which goes out from the point A, 
either itself or at least its prolongation, lies in one of the two 
right angles, which are turned toward BC, so that except the 
parallel EE' all others, if they are sufficiently produced both 


ways, must intersect the line BC. # 

If II (p) < Vz 7 T, then upon the other side of AD, making 
the same angle DAK=II (p) will lie also a line Ah, parallel 
to the prolongation DB of the line DC, so that under this as- 
sumption we must also make a distinction of sides in paral- 
lelism. . ... , 

All remaining lines or their prolongations c 

right angles turned toward BC pertain to those, "1 ; ’ 

if they lie within the angle HAK—2 II (p) ;l ■ 
nil els; they pertain on the other hand to thCj 
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AG, if they lie upon the other sides of the parallels AH and 
AK, in the opening of the two angles EAH — 1 A -x — U (p) , 
E'AK = Vz v — 11 (p), between the parallels and EE' the 
perpendicular to AD, Upon the other side of the perpendicu- 
lar EE' will in like manner the prolongations AH' and AK' 
of the parallels AH and AK likewise be parallel to BC-, the re- 
maining lines pertain, if in the angle K'AH', to the intersect- 
ing, but if in the angles K'AE, H'AE' to the non-intersecting. 

In accordance with this, for the assumption 11 (p) —Yztt, 
the lines can be only intersecting or parallel; but if we assume 
that II (p) < Vi 7r, then we must allow two parallels, one on 
the one and one on the other side; in addition we must distin- 
guish the remaining lines into non-intersecting and intersecting. 

For both assumptions it serves as the mark of parallelism 
that the line becomes intersecting for the smallest deviation 
toward the side where lies the parallel, so that if AH is parallel 
to DC, every line AF cuts DC, how small soever the angle 
, HAF may be. 

17. A straight line maintains the characteristic of parallel- 
ism at all its points. 

Given AB (Fig. 2) parallel to CD, to which latter AC is 
perpendicular. We will consider two points taken at random 
on the line AB and its production beyond the perpendicular. 



Let the point E lie on that side of the perpendicular on which 
AB is looked upon as parallel to CD. 

Let fall from the point E a perpendicular EK on CD and 
so draw EF that it falls within the angle BEK. 

Connect the points A and F by a straight line, whose pro- 
duction then (by Theorem 16) must cut CD somewhere in G. 
Thus we get a triangle ACG, into which the line EF goes; 
now since this latter, from the construction, can not cut AC, 
and can not cut AG or EK a second time (Theorem 2), there- 
fore it must meet CD somewhere at H (Theorem 3). 
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Now let E' be a point on the "production of AB and E'L 
perpendicular to the production of the line CD; draw the lin 
E'F' making so small an angle AE'F' that it cuts AC some 
where in F'; making the same angle with AB, draw also fror 
A the line AF, whose production will cut CD in G (Theoren 
16). 

Thus we get a triangle A GC, into which goes the produc 
tion of the line E'F'; since now this line can not cut AC a sec 
ond time, and also can not cut AG, since the angle BAG = 
BE'G' (Theorem 7), therefore must it meet CD somewheri 
in G'. 

Therefore from whatever points E and E' the lines EF anc 
E'F' go out, and however little they may diverge from the lint 
AB, yet will they always cut CD, to which AB is parallel. 

18. Two lines are always mutually parallel. 

Let AC be a perpendicular on CD, to which AB is parallel; 
if we draw from C the line CE making any acute angle ECD 
with CD, and let fall from A the perpendicular AF upon CE , 
we obtain a right-angled triangle ACF, in which AC, being 
the hypothenuse, is greater than the side AF (Theorem 9). 



Make AG — AF, and slide the figure EFAB until AF co- 
incides with AG, when AB and FE will take the position AK 
and GH, such that the angle BAK== FAC, consequently AK 
must cut the line DC somewhere in K (Theorem 16), thus 
forming a triangle AKC, on one side of which the perpen- 
dicular GH intersects the line AK in L (Theorem 3) , and thus 
determines the distance AL of the intersection point of the 
lines AB and CE on the line AB from the point A' 4 X, _ 
Hence it follows that CE will always intersect / • „ . 

! - - 




in order that the sum in the compound triangle may be equal 
to ir. 


C 



In the same way the triangle BDC consists of the two tri- 
angles DEC and DBE, consequently must in DBE the sum 
of the three angles be equal to ir, and in general this must be 
true for every triangle, since each can be cut into two right- 
angled triangles. 

From this it follows that only two hypotheses are allowable: 
Either is the sum of the three angles in all rectilineal triangles 
equal to ir, or this sum is in all less than ?r. 

21. From a given point we can always draw a straight line 
that shall make with a given straight line an angle as small as 
we choose. 

Let fall from the given point A (Fig. 8) upon the given line 
BC the perpendicular AB; take upon BC at random the point 
D; draw the line AD; make DE =AD, and draw AE. 
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In the right-angled triangle ABD let the angle ADB — a\ 
then must in the isosceles triangle ADE the angle A ED be 
either Vi a or less (Theorems 8 and 20). Continuing thus we 
finally attain to such an angle, A EB, as is less than any given 
angle. 

22. If two perpendiculars to the same straight line are par- 
allel to each other; then- the sum of the three angles iii a rec- 
tilineal triangle is. equal to two right angles. ' 

Let the lines AB and CD (Fig.- 9) be parallel to. each other 
and perpendicular to AC. - ' . . 

Draw from A the lines AE and AF to the points E and F, 
which are taken on the line CD at any distance FC > EC 
from the point C. 



Suppose in the right-angled triangle ACE the sum of the 
three angles is equal to - — a, in the triangle AEF equal to 
■n — ft, then must it in the triangle ACF equal -a - a — ft, where 
a and ft can not be negative. 

Further, let the angle BAF = a, AFC = b, so is a + ft = 
a — b\ now by revolving the line A F away from the perpen- 
dicular AC we. can make the angle a between AF and the par- 
allel AB as small as we choose; so also can we lessen the angle 
b, consequently the two angles a and ft can have no other mag- 
nitude than a — 0 and ft = 0. 

It follows that in all rectilineal triangles the sum of the three 
angles is cither — and at the same time also the parallel ancle 
H (p) = Vi -it for every line p, or for all triangles this sum is 
< -a- and at the same time also II (p) < Vi tr. 

The first assumption serves as foundation for the erd'~ 
geometry and plane trigonometry. 

Die second assumption can likewise be admi ,, -'L B ' v 
leading to any contradiction in the results, and 
geometric science, to which I have given the r . 
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Geometry, and winch I intend here to expound as ^ ar 
development of the equations between the sides and an 
the rec tilin eal and spherical triangle. 


Mrern & 

GeBto Bhowon, Adarsh No0 
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If ever there was a scandal in the intellectual world, I 
fifth postulate constituted such a scandal. The very ex 
of this postulate seemed offensive to a great many peopl 
those who did not completely condemn the postulate ne 
less considered it a blemish on Euclid’s otherwise eleg; 
fice. Indeed, there exists a book by an eighteenths 
>, Italian Jesuit, Girolamo Saccheri, the English title of v 
Euclid Freed of Every Fleck. This book, published ir 
is not a mere curiosity written by a crank; it is a very 
work which plays an important role in the controvei 
rounding the postulate. Now, however, this controve 
longer exists. The fifth postulate has become quite acci 
and Euclid, instead of being chastized for having fori 
it, is praised for having recognized the need for it. 
mathematicians bold that the fifth postulate is characte: 
Euclid’s geometry. It is now recognized that Saccheri 
the other mathematicians who felt uncomfortable ab 
fifth postulate were really searching for a form of gen 
non-Euclidean geometry. 

Let us take a close look at Euclid’s famous — or infa 
postulate: 

Let it be postulated that, if a straight line fallin 
two straight lines make the interior angles on the : 
side less than two right angles, the two straight lin 
produced indefinitely, meet on that side on whicl 
the angles less than the two right angles (p. 17) . 

Whereas the first four postulates are brief and ea 
derstood, Euclid’s fifth postulate is as lengthy as a pro 
and as complicated. The complication and length c< 
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the major objections to the postulate. Its statement begins wit 
something that is given — the interior angles on the same sic 
are less than two right angles — and then proceeds to a coi 
elusion — the two lines will meet on the side where the angle 
are less than two right angles. (See Figure 2-1.) Objectoi 



feel that it is not at all self-evident that the conclusion follow 
from the premises. Hence, whereas we can easily accept th 
validity of the first four postulates, there is no reason why wi 
should consider the fifth postulate valid. Objectors feel th a 
its truth should be proved, just as though it were a proposition 
The matter is worse if the postulate is called an axiom (a 
it frequently is in early Latin translations of Euclid), for, a 
we noted in Chapter I, axioms are statements of self-eviden 
truths; but the fifth postulate is not self-evident, and so th< 
name “axiom” should not be applied to it. Thus Saccheri 
after stating the “axiom,” writes as follows: 

No one doubts the truth of this proposition; but . . . 
they accuse Euclid . . . because he has used for it the 
name axiom, as if obviously from the right understand- 
ing of its terms alone came conviction. Whence not 1 
few (withal retaining Euclid’s definition of parallels) 
have attempted its demonstration from those proposi- 
tions of Euclid’s First Bo< 
twentv-ninth. wherein beck 
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Here the objections and the proposed remedy are quite 
clearly stated. Saccheri states that the fifth postulate or axiom 
is true but that it is wrong to call it by the name “axiom” (that 
is, to claim self-evidence for it) ; hence the postulate must be 
proved to be true. To accomplish this proof, we have available 
to us all the propositions in Book I which precede Proposition 
29, the first one in which the postulate is used. Saccheri at- 
tempts to accomplish this task, and to a certain extent he 
succeeds. 

Nicholas Lobachevski, writing more than a hundred years 
after Saccheri (in 1840), employs almost the same language: 

In geometry I find certain imperfections which I hold 
to be the reason why this science . . . can as yet make 
no advance from that state in which it has come to us 
from Euclid. 

As belonging to these imperfections, I consider . . . the 
momentous gap in the theory of parallels, to fill which 
all efforts of mathematicians have been so far in vain 
(pp. 68-9). 


The man who wrote these words was bom at Makariev, 
lussia, in the year 1793. Lobachevski went to the gymnasium 
n the city of Kazan, and then entered the university there. All 
>f his active intellectual life was spent at the University of 
Cazan; he was first a student, then a professor, and finally the 
ector of the University. Lobachevski carried a tremendous load 
if teaching and administrative responsibilities (the latter being 
specially heavy in bureaucratic Russia), so that we wonder 
iow he ever found time for his own research. His first writings 
in the subject of parallels go back to 1826, but the Theory of 
'arallels was not published until 1840. Incidentally, almost 
ie same results as those obtained by Lobachevski were found 
y John Bolyai, a Hungarian mathematician. His work on par- 
Ilelism was published in 1831, but it is thought that Bolyai’s 
rst ideas on the subject go back to 1823. Neither Lobachev- 
d’s nor Bolyai’s works attracted much attention when they 
■ere first published; not until 1867, when Bernhard Riemann’s 
>say on the basic hypotheses that support geometry was post- 
umously published, did mathematicians generally take an 
iterest in nou-Euclidean geometries. Lobachevski died in the 
:ar 1856. 

Let us begin with a look at Euclid’s theory of parallels. The 
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first proposition involving parallel lines — Proposition 27- 
docs not make use of Postulate 5. The proposition states tha 
if a line intersects two other lines in such a way that the a 
ternate angles are equal, then the two lines are parallel. (Se 
Figure 2-2. In that figure, alternate angles are designated b 
the same letters.) 



To prove this proposition, Euclid employs the method o 
reduction to the absurd: if two lines are not parallel, then o: 
course they must meet. Assume, therefore, that they do mee 
(it does not matter on which side) at the point G (sec Figure 
2-3). A triangle, EFG, is then formed. One of the pairs ol 
alternate angles is AEF and EFD\ it is given that they arc 
equal. However, it is impossible that they be equal, since in 



the triangle EFG the angle AEF is an exterior angle, whereas 
angle EFG is an interior angle. According to Proposition 16 
of Book I, an exterior angle of a triangle is always greater tha- 
cither of the two opposite interior angles 1 "”\cc, the sam 
angle (AEF) must be both equal to, and _ 
a conclusion which is absurd. Thus th< - ' J ’ r ’ n 
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— that the two lines meet to form a triangle — must be fal 
and so the given two lines must be non-meeting or paralle 
Let us skip Proposition 28, which is just another version 
Proposition 27, and hurry on to Proposition 29, -in which 
parallel postulate is used for the first time. Proposition 29 
the converse of Proposition 27. What is given in the first pri 
osition becomes what is proved in the second proposition, e 
what is proved in the first proposition becomes what is gh 
in the second one. Thus it is given in Proposition 27 that 
alternate angles are equal, and it is proved that the two li 
in 'question are parallel. On the other hand, in Proposition 
it is given that the two lines are parallel, and it is proved t 
the alternate angles are equal. 

The proof is by reduction to the absurd, just as is the pr 
of Proposition 27. Let us assume, Euclid says, that the all 
• nate angles are not equal. Then one of them must be gre£ 
than the other one (it does not matter which one it is). 
the greater angle be AGH. (See Figure 2-4.) Add the an 
BGH to both the angle AGH and the angle GHD. Then an 
AGH + angle BG.i is greater than angle GHD + angle BC 



But angle AGH + angle BGH is equal to two right an£ 
Hence the two angles GHD 4- BGH are less than two r 
angles. And so, by Postulate 5 the lines AB and CD, if 
tended, must meet toward BD. However, this is absurd, si 
the lines are given to be parallel. And so the assumption i 
the alternate angles are not equal must be false. 

Since Propositions 27 and 29 are converses, we should 
pect their proofs to be similar. And so they are: both proc 
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by reduction to the absurd. The element which produces th 
absurdity, however, is different: in the case of Proposition 27 
it is Proposition 16 that is the keystone to the proof, wherea 
in the case of Proposition 29 it is Postulate 5 that provide 
the absurdity. 

In order to overcome the “flaws” of Euclid’s geometry’, Lo 
bachevski substitutes a new postulate for Euclid’s fifth one 
Unfortunately, he is not very explicit in his manner of doin 
it To understand Lobachevski’s procedure, we must first realize 
that there are several different but equivalent ways in whicl 
Euclid’s fifth postulate can be stated. One of the equivalen 
statements of Postulate 5 is this: “In a plane, through a give: 
point, there is one and just one parallel line to a given line.' 

To see how this statement is equivalent to Euclid’s fiftl 
postulate, let us restate the proof of Proposition 29, using thi 
postulate of the uniqueness of the parallel line. It is to b 
proved that if a line intersects tv/ o parallel lines, then the al 
temate angles are equal. Let AB and CD be the parallel lines 
and let EF intersect them. (See Figure 2-5.) It is to be prove< 



that angle AGH = angle GHD. We use reduction to the ab 
surd. If the two angles are not equal, then construct angle JGh 
so that it is equal to angle GHD. Extend line JG so that th< 
line JK is formed. Now, because of the equality of angle JGIi 
and angle GHD, the two lines JK and CD arc parallel, accord 
ing to Proposition 27. But line AB is also parallel to line CD 
Tli us we have arrived at an absurdity — for two lines. -tA anc 
AB, are both parallel to the sar”' nn A r ' , ' r ' v x,, '' 

postulate of the “uniqucncs 
impossible. 
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The postulate Lobachevski substitutes for Euclid’s may be 
expressed in this form: “In a plane, through a given point 
there exists an infinite number of lines that do not cut a given 
line.” Thus Lobachevski postulates an infinite number of paral- 
lel lines to a given line, in Euclid’s sense of the word “parallel.” 
Lobachevski himself, however, reserves the term “parallel” for 
two special not-cutting lines. 

In section 16 (p. 70) Lobachevski defines parallelism, 
However, he first makes a distinction: 

All straight lines which in a plane go out from a point 
can, with reference to a given straight line in the same 
plane, be divided into two classes — into cutting and not- 
cutting. 

Of course, Euclid would agree with this definition, but hi 
would add that the class of not-cutting lines has just one mem 
ber, that not-cutting line being the one which Euclid calls thi 
parallel. Lobachevski, as we have said, postulates that then 
is an infinite number of not-cutting lines, just as there is ai 
infinite number of cutting lines. Parallel lines are defined b; 
him in terms of these two classes: "The boundary lines, of tb 
one and the other class of lines will be called parallel to tb 
given line.” If there are both not-cutting and cutting lines 
there must be a last not-cutting line; that is, every line beyom 
this last one is such that it cuts the given line, whereas ever 
line on the other side of this last one does not cut the givei 
line. None of this contradicts anything that Euclid has said 
it merely becomes superfluous if there is only one not-cuttin, 
line. In that case the boundary line between cutting and no! 
cutting lines is itself identical with the one and only not-cuttin; 
line. 

Having substituted a new postulate for Euclid’s — but on' 
which is not contradictory to Euclid’s, merely wider — Loba 
chevski proceeds to prove propositions concerning the sami 
matters as Euclid. Naturally, his results are not the same a 
Euclid’s; however, they are not contradictory to Euclid’s. Jus 
as Euclid’s postulate is a special case of Lobacbevski’s postu 
late (that is, the special case when the not-cutting lines num- 
ber only one), so Euclid’s propositions are' special cases ol 
Lobachevski’s. For example, Euclid finds that the sum of the 
angles in a triangle is equal to two right angles; Lobachevski 
finds this sum to be either two right angles or less than two 
right angles. Since Lobachevski’s postulate is more compli- 
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of his propositions arc also more complex. 



Euclid proves that the angles of a triangle are equal to b 
right angles in the following manner: If the triangle is AB 
Euclid first extends the line AB to D. (See Figure 2-6.) Th< 
through B, he draws BE parallel to AC. From Proposition 
it follows that angle CBE is equal to angle ACB, and that EE 
is equal to angle CAB. Hence the three angles ABC, CBE, a: 
EBD arc equal to the three interior angles of the triangle. B 
the former angles, being the angles on a straight line, are eqi 
to two right angles; consequently the interior angles of a t 
angle must also be equal to two right angles. In Lobachevsk 
geometry this proof fails, of course, because of the unava 
ability of Proposition 29. 

What does Lobachevski substitute for Proposition 32? 
any triangle, Lobachevski tells us, the sum of the angles 
at most equal to two right angles. Thus there may be triangl 
in which the sum of the interior angles is less than two rig 
angles, or there may be triangles in which the sum is exact 
equal to two right angles. But there are no triangles in whi( 
the sum of the angles is greater than two right angles. T1 
proof is found in Section 19. The method used is that of r 
duction to the absurd. (Note that the methods of Euclid an 
Lobachevski are the same, even though some of their cruci: 
assumptions are different.) Lobachevski assumes that the sui 
of the angles in a triangle is greater than two right angles. (Fc 
“two right angles" Lobachevski uses the expression thh ~ 
merely a different way of measuring angles. A third wr- 
expressing the assumption is to say that the sum of the 
of the triangles is greater than 180°. We shall adhere " 
clid’s way of measuring angles — in terms of rich: 

To arrive at an absurdity, Lobachevski biscc* ‘ \ ... ' 
sides of the triangle, BC, at a point D. {Sec F : 
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connects A and D with a straight line and extends AD t 
so that AD equals DE. Then it is easy to prove that trian 
ABD and DCE are congruent (this does not involve any 
erence to parallelism). Now consider the newly formed 
angle A EC. The sum of its angles — EAC, ACE, and CE. 
is equal to the sum of the angles of the original triangle, 
the sake of convenience, we have given letters to the var 
angles. Equal angles have been designated by the same le 
In the original triangle the sum of the interior angles, startin 
point B and running counterclockwise, is w +y +Z. In 
new triangle, starting at E and going counterclockwise, the i 
is x + y + z + w. It follows that the sum of the angles in the : 
triangle A EC is also greater than two right angles. If the sur 
the angles in the first triangle ABC is, for example, 2 r 
angles 4- a, then it is also 2 right angles + a in the new 
angle AEC. At the same time, it is clear that the angle l 
(or y) is smaller than the angle BAC (or x + y) -By proceei 
in the same manner with triangle AEC (that is, by divii 
the side EC in half), we arrive at yet another triangle with 
sum of its angles equal to 2 right angles + a; this triangle 
have an angle at A even smaller than EAC or y. By proc 
ing in this manner, it is possible to finally arrive at a tria 
which has an angle at A smaller than the quantity Via. 
can proceed in the same manner with the other small a 
(such as the one E) and, while keeping the sum of the an 
in the triangle constant, have the other small angle also e< 
to less than Via. Since the sum of the three angles of the 1 
triangle must be equal to 2 right angles + a, while the 
small angles together are less than a (each separately bi 
less than Via), the remaining third angle will have to be gre 
than two right angles. This is absurd, for if this third ai 
ever becomes so large as to be equal to two right angles, tl 
will be no angle — and no triangle — left. We conclude, tl 
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that the original assumption is wrong and that the sum of the 
angles in a triangle cannot be greater than two right angles. 

In Section 20, Lobachevski points out that he does not know 
what the sum of the angles in a triangle amounts to, except 
that the sum cannot be greater than two right angles. He then 
adds this: if there is just one triangle concerning which it is 
"known that the sum of its angles is exactly equal to two right 
angles, then all triangles must have the sum of their angles 
equal to two right angles. Let the triangle concerning which it 
is known that the sum of its angles is equal to two right angles 
t c. (See Figure 2-8.) Let MNO be any other right-angled 
:le. (We are changing Lobachevki’s terminology, since 
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Therefore, in lines (1) and (2), we must also have the re- 
lation of equality; for if in either of them the relation of being 
“less than” obtained, we could not by adding obtain line (3) 
with the equal sign. Thus triangle BDC has the sum of its 
angles equal to two right angles, as does triangle ADB. By 
placing two triangles such as BDC together, we can form a 
rectangle (Lobachevski uses the term “quadrilateral”) with 
sides BC — p, and DC = q. From many rectangles equal to 
this one, we can form one with sides np and nq, where n is a 
whole number. (Lobachevski says to make the rectangle with 
sides np and mq, where n and m are different whole numbers; 
however, he then is not entitled to take the following step. 



ough he seems unaware of it.) Let this large rectangle be 
ed EFGH. (See Figure 2-9.) The diagonal EG divides this 
angle into two congruent triangles, EFG and EGH. The 
i of the angles in each of these two big triangles is equal to 
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two right angles, because the angles of the big triangles arc 
equal to the angles of the original triangle DDC with the sides 
p and a. 

Now choose the number n large enough so that I lf !- 
greater than MN and GH is greater than NO. Draw the tri- 
angle EGH so that it wholly encloses the triangle MNO f'v,- 
Figure 2-10.) Thus points H and N coincide. Join M and' 6'” 
\Ve shall now show that, since the big triangle, IXill ha*' 
angles equal to two right angles, the two triangles which to- 
gether make it up — EGM and MGN — must each have an 'dr- 
equal to two right angles. Similarly, since the sum of r.V- an^c- 
m MGN is equal to two right angles, the angles ir/fmnelc 
\i Kn must amount to the same sum 
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The first assumption serves as the foundation for the 
ordinary geometry and plane trigonometry. 

The second assumption can likewise be admitted with- 
out leading to any contradiction in the results, and 
founds a new geometric science, to which I have given 
the name Imaginary Geometry , and which I intend here 
to expound . . . (pp. 77-8) . 

We have merely Lobachevski’s word for the fact that his 
geometry can be developed without contradition; he has not 
proved this. At the same time, it is only fair to note that Euclid 
nowhere proves that his geometry will never lead to contra- 
dictions. Euclid’s “proof’ consists in the actual development 
of hundreds of propositions without contradictions; Lobachev- 
ski’s “proof’ is of the same sort. The pages following Section 
22 are a verification of his boast that a non-contradictory 
geometry can be developed from his postulate. 

Let us re-examine Section 19. This is the section in which 
Lobachevski proves that the sum of the angles of any triangle 
cannot be greater than two right angles. Compare the proof of 
this proposition with the proof of Euclid’s sixteenth proposi- 
tion, which shows that in a triangle the exterior angle is al- 
ways greater than either of the two opposite interior angles. 
You will notice that the two proofs are almost the same. Both 
depend on the same construction: the side BC of the triangle 
ABC is bisected; A is joined to D and then extended so that 
AD — DE. Then E is joined to C. (See Figure 2-11.) The 
two triangles ABD and DEC are easily shown to be congruent 
Euclid and Lobachevski use this congruency for different 
purposes. 



NON-EUCLIDEAN GEOMETRY 


VI 


Euclid concludes that since angle ABD is equal to angle DCE, 
herefore the exterior angle DCF must be greater than the in- 
:erior angle ABD. 

Now let us make a slight change in the diagram for Proposi- 
:ion 16 (of Euclid) or Section 19 (of Lobachevski). Instead 
>f drawing the figure with straight lines, as we have so far 
lone, let us draw the figure on the surface of a sphere. Here 
the place of straight lines is taken by great circles — circles that 
have the same center as the sphere itself. Examples of great 
circles on the Earth are the equator and all of the meridians. A 
great circle is like a straight line, in that it constitutes the short- 
est distance between two points on a sphere, just as a straight 
line is the shortest distance between two points on a plane. 

Look at Figure 2-12. We have drawn a triangle ABC con- 
sisting of parts of great circles. The base AC is part of the 
“equator” of the sphere; the two sides AB and BC are each 
“meridians”; thus the point B is the “north pole” of the sphere. 
In order to give some definiteness to the figure, we have made 
the angle at B equal to 120°. (We shall here use the degree 
measurement of angles for simplicity’s sake.) Notice that no 
matter what the angle at B is made to be, the two angles at A 
and at C are right angles. Thus no matter what the angle at 
B is, the sum of the angles of the triangle ABC is certainly 
going to be greater than two right angles or 180°. In our ex- 
ample, it is three and a third right angles, or 300°. Thus Loba- 
chevski’s Section 19 does not apply to spherical triangles. If 
we now extend the base AC, say to F, it is also apparent at 
once that Euclid’s Proposition 16 docs not hold true for spheri- 
cal triangles. For the exterior angle BCF is a right angle; it is 
therefore equal to one of the opposite interior angles — the one 
at A — and is smaller than the other opposite interior angle — 
the one at B. 

If we complete the figure so that, on the sphere, we duplicate 
the constructions of Proposition 16 or Section 19, we can see 
why their statements cannot be proved here. Bisect BC at D. 
Join A and D (with a great circle) . and extend the great circle 
segment to E so that AD - DE. Join E and C with the seg- 
ment of a great circle. (It takes a little practice to see the dia- 
gram properly. The point E is on the far side of thesphere; to 
understand why EC is drawn the way it is, rem that the 
circle of which EC is a part has its center at , % 

sphere. Below the main diagram we have plr 
in which the spherical triangle has been "fi 
placed in the plane. This may help in visunli; 
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Figure 2—12 


diagram. Another aid would be to draw the diagram on i 
truly spherical surface such as a ball.) 

Looking at Figure 2-12, it is obvious why the proof o: 
Proposition 16 or Section 19 fails. The line EC does not fal 
within the angle BCF but outside of it. Thus Euclid could no 
here conclude that angle DCF is greater than angle DCE. (Ir 
fact we know that DCF is 90° and that DCE, being equal tc 
the angle at B, is 120°.) And Lobachevski cannot conclude 
that there is a limit to how large the angle ACE can become; 
in fact, this angle in our diagram is greater than 180°, and 
there is still a triangle AEC. (Angle ACE is 210° in our ex- 
ample.) 

Now imagine that there straight lines — not great circles — 
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>hich behave like the great circles on a sphere. These would 
e quite different straight lines from Euclid’s or Lobnehevski’s, 
f course. (Lobachevski’s straight lines arc also different from 
luclid’s; there can be an infinite number of straight lines not 
neeting a given line, if the lines are Lobachcvski's sort, where- 
s there can be only one such non-meeting line if the lines are 
iuclid’s kind.) The characteristic of this new, third sort of 
traight lines is that to a given line there is no non-meeting 
ine. (All the great circles on a sphere meet twice; for example, 
J1 meridians meet at the north pole and at the south pole.) 
t turns out to be possible to have a geometrical system in 
vhich the straight lines in a plane are of this “quasi-sphcrical” 
ort. This new geometry is called “Riemannian” after the Gcr- 
nan mathematician Bernhard Riemann (1 826-1866), who 
irst studied it. It is, of course, different from both Euclid’s 
jeometry and Lobachevski’s. For example, the sum of the 
ingles in a Riemannian triangle is found to be greater than 
wo right angles. 

Just as the sphere provides a way of visualizing a plane 
geometry in which there are no parallel lines, there is another 
surface which enables us to visualize Lobachevski’s geometry, 
in which there is an infinite number of parallel lines. This sur- 
face is called a “pseudosphere”; it is shown in Figure 2-13. 
On the pseudosphere those lines which are the shortest d:s- 
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most important to realize that these non-Euclidean geometries 
are plane geometries - , the sphere, the pseudosphere, and their 
geodesics are useful only in order to visualize these geometries. 
Riemannian geometry is not spherical geometry, nor is Loba- 
chevskian geometry pseudospherical geometry. 

To sum up, there are three possibilities as regards parallel 
lines, each possibility giving rise to a different geometry: (1) 
Through a given point there is an infinite number of non- 
meeting lines to a given line — Lobachevskian geometry. (2) 
Through a given point there is one and only one non-meeting 
line to a given point — Euclidean geometry. (3)' Through a 
given point there is no non-meeting line to a given line — 
Riemannian geometry. 

Any system of geometry in which Euclid’s Proposition 16 is 
valid eliminates the possibility of Riemannian geometry. This 
is the reason why, as we noted earlier, Saccheri had a certain 
amount of success in proving Euclid’s fifth postulate. Sac- 
•. cheri accepted Proposition 16; consequently, he was able to 
demonstrate absurd conclusions from (the equivalent of) Rie- 
, mann’s postulate. 

A system of geometry in which Euclid’s Postulate 5 holds 
eliminates Lobachevski’s hypothesis. Thus Euclid rids him- 
self of the possibility of Riemannian geometry by means of 
Proposition 16, and of Lobachevskian geometry by means of 
Postulate 5. We should add that Proposition 16 is, in turn, 
based on Postulate 2 (that is, on the assumption that straight 
lines are infinite in length); Proposition 16 (or Lobachevski’s 
Section 19) cannot be proved in Riemannian geometry, be- 
cause in the latter straight lines are finite in length. We can 
now see that the proofs of Euclid’s Propositions 27 and 29 are 
really quite similar. Both, as we have already noted, are dem- 
onstrated by use of reduction to the absurd. But the keystone 
to the absurdity is Proposition 16 in the first case, and Postu- 
late 5 in the second case. Proposition 16 is the equivalent of 
another postulate concerning parallelism, namely, “To a given 
line, through a given point, there exists at least one parallel 
(non-meeting) line.” In both Proposition 27 and Proposition 
29, therefore, the absurdity is reached by the use of a postu- 
late concerning parallel lines. 

Finally, we must touch on a question that has no doubt 
already occurred to the reader; Which of these geometries is 
true? Or are any of them true? The answer is in one way 
simple, yet also complicated. All three geometries are in them- 
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ves equally valid. That is. each can be shown to be a coo- 
tent system. Each system contains equivalent propositions; 
it is, each proposition in one system has a corresponding 
oposition in the other systems. No one of these geometries 
more true than another: this statement is not so hard to 
cept if we remember that geometry is not concerned with 
ysical lines or points, but rather with ideal, mental entities, 
lese things of the mind can. of course, be shaped by the 
ind (as long as no contradictions develop). If we wish, 
erefore, we can choose to geometrize with lines that behave 
:e those of Riemann or those of Lobachevski rather than 
ose of Euclid. 

Yet we may also ask, which geometry applies to the things 
id the space around us? We are used to employing Euclidean 
nmetry; engineers and architects certainly assume that 
rclid’s geometry and no other is true. Yet this is not con* 
usive, for it is apparent that for small figures the results 
hich the three geometries yield would be almost indistin- 
lishable. A small triangle on a vast sphere is very much like 
plane triangle in Euclidean space. Similarly, it may he that 
>ace is Lobachevskian in character; yet it may be so large 
lat for the small areas in human purview, the geometrical 
isults would not be noticeably different from those of Euclid- 
in geometry. 

The question of which geometry is most suitable for physi- 
al applications is an experimental one. The German mathema- 
cian Gauss (1777-1855) performed some measurements on 
irge triangles to determine whether the sum of their angles 
'as 180° or not. However, his results were inconclusive; such 
ifterences from 180° as he found were so small that they 
tight have been due to experimental error. 
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Rene Descartes 
Geometry* 


BOOK I 


PROBLEMS THE CONSTRUCTION OF WHICH 
REQUIRES ONLY STRAIGHT LINES AND CIRCLI 


Any problem in geometry can easily be reduced to su 
erms that a knowledge of the lengths of certain straight lin 
s sufficient for its construction. Just as arithmetic consists 
jnly four or five operations, namely, addition, subtractic 
multiplication, division and the extraction of roots, which m 
be considered a kind of division, so in geometry, to find 1 
quired lines it is merely necessary to add or subtract ott 
lines; or else, taking one line which I shall call unity in ord 
to relate it as closely as possible to numbers, and which c 
in general be chosen arbitrarily, and having given two ott 
lines, to find a fourth line which shall be to one of the giv 
fines as the other is to unity (which is the same as multiplic 
tion); or, again, to find a fourth line which is to one of t 
given lines as unity is to the other (which is equivalent 
division); or, finally, to find one, two, or several mean pi 
portionals between unit and some other line (which is the sai 
as extracting the square root, cube root, etc., of the giv 
line). And I shall not hesitate to introduce these arithmetii 
terms into geometry, for the sake of greater clearness. 

For example, let A B be taken as unity, and let it be requir 
to multiply BD by BC, I have only to join the points A and 
and draw DE parallel to CA\ then BE is the product of 1 
and BC. 
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names are assigned or changed. For example may write, 
AB — l, that is AB is equal to 1; GH — a, BD ~ b > 30(5 50 
If then we wish to solve any problem, we first suppose the 
solution already effected, and give names to all the hues that 
seem needful for its construction, to those that are unknown 
as well as to those that are known. Then, making no distinction 
between known and unknown lines, we must unravel the diffi- 
cuky in any way that shows most naturally the relations be- 
tween these lines, until we find it possible to express a single 
quantity in two ways. This will constitute an equation, since 
the terms of one of these two expressions are together equal 
to the terms of the other. 

We must find as many such equations as there are supposed 
to be unknown lines; but if, after considering everything in- 
volved, so many cannot be found, it is evident that the ques- 
tion is not entirely determined. In such a case we may choose 
arbitrarily lines of known length for each unknown line to 
which there corresponds no equation. 

If there are several equations, we must use each in order, 
cither considering it alone or comparing it with the others, so 
as to obtain a value for each of the unknown lines; and so 
we must combine them until there remains a single unknown 
line which is equal to some known line, or whose square, cube, 
fourth power, fifth power, sixth power, etc., is equal to the 
um or difference of two or more quantities, one of which is 
mown, while the others consist of mean proportionals between 
mity and this square, or cube, or fourth power, etc., multiplied 
iy other known lines. I may express this as follows: 
z~b , 

or z 2 = ~az+b 2 , 

or z? — az 2 4- b 2 z — c 3 , 

_ _ or zr’-a^-c^z+d 4 , etc. 

That vs, j, which I take for the unknown quantity, is equal to b: 


rvr iU*. _ r * w ^ j 

mA-plSTy ” „V S ,S“1“ Sirrl* **m * 


,, % v ’ or ’ cu ^ e -z is equal to a multinlied hv 

hv tl qUar v 0 i f ’ p!uS lhe square of b “implied by z, diminished 
by ff,c cube of c; and similarly for the others. V ^ 

thus, all the unknown quantities can be expressed in terms 

by rSXS*S h ?f problem . 

even by some other curve^of deirT’ T by C ° niC sections . or 
or fourth “ e § ree n °t greater than the »h;>-A 


r st °P !° explain this i, 


greater than the third 


tfl more ripfnii 
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But if I have y 2 = — ay 4- b 2 , where )» is the quantity whose 
value is desired, I construct the same right triangle NLM, and 
on the hypotenuse MN lay off NP equal to NL, .and the re- 
mainder PM is y, the desired root. Thus I have 

y--k a + ^‘ t ‘ +t2 - 


In the same way, if I had 

.r 1 = — ax 2 -f b 2 , 
PM would be x 2 and I should have 


x==y J_^ a + y j}. a 2 + b Z, 

and so for other cases. 

Finally, if I have z 2 — az — b 2 , 1 make NL equal to Vi a and 
LM equal to b as before; then, instead of joining the points 
M and N, I draw MQR parallel to LN, and with N as a center 



describe a circle through L cutting MQR in the points Q and 
R ; then z, the line sought, is cither MQ or MR, for in this 
case it can be expressed in two ways, namely: 


and 




And if the circle described about N and passing throur 
neither cuts nor touches the line MQR. the equation hr 
root, so that we may say that the construction of the pro'. 
is impossible. 4 T 


1 V 1 
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These same roots can be found by many other methoc 
have given these very simple ones to show that it is possibl 
construct all the problems of ordinary geometry by doing 
more than the little covered in the four figures that I have 
plained. This is one thing which I believe the ancient ma 
maticians did not observe, for otherwise they would not h 
put so much labor into writing so many books in which 
very sequence of the propositions shows that they did not h 
a sure method of finding all, but rather gathered together tl 
propositions on which they had happened by accident. 


PART II 


Histories of culture place the beginning of modem til 
' around the year 1600. Such a date is, of course, arbitr; 
There were men and events before 1600 that clearly be! 
to modem times, such as the discovery of America and 
revolutionary work in astronomy by Copernicus. Still, 
number of those who gained fame in all fields of knowle 
increased impressively from 1600 on. In philosophy we r 
mention Descartes, Spinoza, Leibniz, and Locke; in mat 
matics, Fermat, the Bernouilli family, Descartes, and Pasi 
in chemistry, Boyle, Priestley, Stahl, and Lavoisier; in phys 
Kepler, Galileo, Newton, and Huygens. 

Without doubt, one of the most famous of all these n 
is Descartes. No other man so justly deserves the title 
“the first of the moderns.” Descartes not only initiated m 
era thought and modern methods in philosophy and mat 
matics; he also was remarkably aware of the fact that he \ 
discarding the traditions and errors of earlier times. 

Rene Descartes (1596-1650) was educated at the Jes 
school of La Fleche. All his life, Descartes remained frien 
toward the Jesuits, and one of them, Marin Mersenne, alsi 
former pupil at La Fleche, became an intimate friend of 1 
Descartes traveled through much of Europe, living not o; 
in his native France, but also in Germany, Sweden, Hollai 
Austria, Bohemia, and Italy. Much of his life after 1628 v 
spent in Holland, where most of his works were written, 
Descartes contributed to almost all major branches 
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knowledge. Among his philosophical works arc the Medi 
lions, the Discourses, and the Principles oj Philosophy. Oil 
famous works of Descartes are the Rules for the Direction 
the Mind, a treatise dealing with the methodology of speculati 
thought; the Passions of the Soul, a work in psychology; a 
the Geometry, the book with which we arc here concemi 
Descartes also wrote about various scientific subjects; 
developed a theory of optics, a theory of the motion of t 
heart, and a theory of the motion of the planets. Since Di 
cartes was a contemporary of Johann Kepler, Galileo Galil 
and William Harvey, he was acquainted with the work 
these scientists, and they with his. His philosophical wot 
were circulated among the philosophers of his age and arous 
much admiration as well as controversy. Philosophers such 
Thomas Hobbes, Antoine Amauld, and Pierre Gassendi wre 
lengthy objections to Descartes’ Meditations, and he in tu 
replied to these. (Both objections and replies arc included 
many editions of the Meditations.) In short, the work 
Descartes created a stir even in his lifetime, and the Gcomci 
did so no less than his other books. 

Descartes was a proud and vain man; he delights in sho’ 
ing his readers that he knows something that they do n< 
Consequently, he very frequently docs not explain his metho 
and procedures in any detail. For instance, lie writes, co 
ceming the basic principles of his Geometry. 

But I shall not stop to explain this in more detail, be- 
cause I should deprive you of the pleasure of mastering 
it yourself, as well as of the advantage of training your 
mind by working over it, which is in my opinion the 
principal benefit to be derived from this science (p. 99). 


In spite of Descartes’ reluctance to say much about 1: 
geometry, we can easily state its aim: to join geometry ar 
algebra, to solve geometrical problems by algebraic method 
and, conversely, to solve arithmetical or algebraic problcn 
by geometrical methods. 

Descartes was not the first to recognize that geometry ar 
arithmetic are closely related. The very fact that both ai 
branches of mathematics indicates that they hnve^n great de 
in common — namely, that their subject ma ! . quantit 
Euclid deals with arithmetic in Books 7-9 ntent 

indicating that he, too, considered geometr 


102 BREAKTHROUGHS IN MATHEMATICS 

These same roots can be found by many other methods; I 
have given these very simple ones to show that it is possible to 
construct all the problems of ordinary geometry by doing no 
more than the little covered in the four figures that I have ex- 
plained. This is one thing which I believe the ancient mathe- 
maticians did not observe, for otherwise they would not have 
put so much labor into writing so many books in which the 
very sequence of the propositions shows that they did not have 
a sure method of finding all, but rather gathered together those 
propositions on which they had happened by accident. 


PART II 


Histories of culture place the beginning of modem times 
around the year 1600. Such a date is, of course, arbitrary. 
There were men and events before 1600 that clearly belong 
to modem times, such as the discovery of America and the 
revolutionary work in astronomy by Copernicus. Still, the 
number of those who gained fame in all fields of knowledge 
increased impressively from 1600 on. In philosophy we may 
mention Descartes, Spinoza, Leibniz, and Locke; in mathe- 
matics, Fermat, the Bernouilli family, Descartes, and Pascal; 
in chemistry, Boyle, Priestley, Stahl, and Lavoisier; in physics, 
Kepler, Galileo, Newton, and Huygens. 

Without doubt, one of the most famous of all these men 
is Descartes. No other man so justly deserves the title of 
“the first of the moderns.” Descartes not only initiated mod- 
em thought and modern methods in philosophy and mathe- 
matics; he also was remarkably aware of the fact that he was 
discarding the traditions and errors of earlier times. 

Rene Descartes (1596—1650) was educated at the Jesuit 
school of La Fleche. All his life, Descartes remained friendly 
toward the Jesuits, and one of them, Marin Mersenne, also a i 
former pupil at La Fleche, became an intimate friend of Ns. 
Descartes traveled through much of Europe, living not only 
in his native France, but also in Germany, Sweden, Holland, 
Austria, Bohemia, and Italy. Much of his life after 1628 was 
spent in Holland, where most of his works were written. 

Descartes contributed to almost all major branches of f 
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knowledge. Among his philosophical works arc the Medita- 
tions, the Discourses, and the Principles of Philosophy. Other 
famous works of Descartes are the Rules for the Direction of 
the Mind, a treatise dealing with the methodology of speculative 
thought; the Passions of the Soul, a work in psychology; and 
the Geometry , the book with which we are here concerned. 

Descartes also wrote about various scientific subjects; he 
developed a theory of optics, a theory of the motion of the 
heart, and a theory of the motion of the planets. Since Des- 
cartes was a contemporary of Johann Kepler, Galileo Galilei, 
and William Harvey, he was acquainted with the work of 
these scientists, and they with his. His philosophical works 
were circulated among the philosophers of his age and aroused 
much admiration as well as controversy. Philosophers such as 
Thomas Hobbes, Antoine Amauld, and Pierre Gassendi wrote 
lengthy objections to Descartes’ Meditations, and he in turn 
replied to these. (Both objections and replies are included in 
many editions of the Meditations.) In short, the work of 
Descartes created a stir even in his lifetime, and the Geometry 
did so no less than his other books. 

Descartes was a proud and vain man; he delights in show- 
ing his readers that he knows something that they do not. 
Consequently, he very frequently does not explain his methods 
and procedures in any detail. For instance, he writes, con- 
cerning the basic principles of his Geometry : 

But I shall not stop to explain this in more detail, be- 
cause I should deprive you of the pleasure of mastering 
it yourself, as well as of the advantage of training your 
mind by working over it, which is in my opinion the 
principal benefit to be derived from this science (p. 99). 


In spite of Descartes’ reluctance to say much about his 
geometry, we can easily state its aim: to join geometry eze 
algebra, to solve geometrical problems by algebraic methCj—- 
and, conversely, to solve arithmetical or alcebraic prcc.es 

by geometrical methods. ~ , 

Descartes was not the first to recognize that pecczetry ^ 
arithmetic are closely related. The very fact tha - $) 

branches of mathematics indicates that they br * ' ; V’ j, 
E C ,°^ 0ri n amely, that their subject ma* ... ;e-j 

tuchcl deals with arithmetic in Books 7-9 • 
icatmg that he, too, considered gee 
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to be closely affiliated. When we measure the length of lines 
and calculate the areas of figures, we are applying arithmetic 
to geometry. When we use the words “square” and “cube” to 
indicate certain kinds of numbers — those which are obtained 
when a number is multiplied by itself either once or twice 
— we are using an obvious analogy between arithmetic and 
geometry. 

Descartes systematizes the relation between geometry and 
arithmetic. He develops in the Geometry a method for dealing 
with any geometrical problem — a method now known as an- 
alytic geometry. This method, properly applied, abolishes the 
need for geometrical ingenuity, the solution to a geometrical 
problem no longer depends on the geometer’s ability to draw 
certain lines and see certain connections. It is necessary only 
to apply Descartes’ method, and the solution must appear. 
(Ingenuity may still have a role in that an ingenious mathe- 
matician may arrive at the solution more rapidly and more 
smoothly than an unskilled one, even if both use the methods 
of analytic geometry.) 

Descartes states the heart of the method as follows: 


If, then, we wish to solve any problem, we first sup- 
pose the solution already effected, and give names to all 
the lines that seem needful for its construction — to those 
unknown as well as to those that are known 


We should notice that this is a method for solving construe- 
ion pro ems. In the typical problem which Descartes has in 
nund, a certain line (or other figure) is to be constructed. This 

Mrfmni 6 ed ,iV erms of ' some its properties; a circle, for 
J ’ ' v ° u ^ defined as a line all of whose points are 
equidistant from a given point. 

nn f'*°“ sh Des cartes solves construction problems, he does 
... f" P ., 0y an y of Euclid’s construction postulates. The rea- 
-if iho ♦ apparent paradox is that Descartes’ understanding 
ForFnrK^f constructio a” is quite different from Euclid’s, 
ierst-md i, A, ° coastruct a figure means to draw it (or to un- 
ivstem Fnr ° ne * ould draw it), using the postulates of his 
o find' in escartes, to construct a geometrical figure means 
Tp, i ^.^Scbraic equation for that figure. 

rages bevnmffh! 6 De f. cartes ’ method with an example. A few 
3Mcarteswr1teJ: ? ^ ° £ ** GeomeIr >’ which we re P rint ’ 
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Let AB, AD , ... be any number of straight lines given 
in position, and let it be required to find a point C, from 
which straight lines CB, CD , ... can be drawn, making 
angles CBA, CD A, . . . respectively, with the given lines, 
and such that the product of certain of them is equal to 
the product of the rest, or at least such that these two 
products shall have a given ratio, for this condition docs 
not make the problem any more difficult. (Sec Figure 
3 - 1 .) 
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proposes, then the problem is to find points C such that y • L 
= 24. Now all that remains to be done is to express the Ii 
DC in terms of x and y; then we shall have an equation of t 
kind that Descartes is looking for. It is theoretically simple 
express DC in terms of x and y, since all the angles of t! 
quadrilateral ABCD are known. In practice, however, the e 
pression would be quite complicated, involving trigonomeh 
functions such as sines and cosines. 

Let us investigate another problem of the kind that De 
cartes wants to solve, but a problem which is less complex th; 
the one above: Given a straight line, and a point not on th 
line, to construct a line all of whose points are equidista 
from the point and the line. First let us indicate that this 
the sort of problem that Descartes wishes to solve. Where 1 
; two given lines, AB and AD, we have one given line A. 
1 a given point F. (See Figure 3-2.) The points C, whii 
assume have been found, are such that the lines which a 
twn from C to F and from C perpendicular to AB are equ; 



C 

Figure 3-2 


Since the line from C to AB is called “the distance,” the angl 
which line BC makes with AB is a right angle. The basic equr 

tion then is — = l 
FC 

Pause for a moment and consider whether, and how, Eucli 
would solve this problem. Euclid would be stumped, for it i 
apparent that the line which we are looking for must be curve 
and that, at the same time, the line is not a circle. Euclid, there 
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'ore, could not draw the wanted line, for the only curved lines 
vhich he can draw are circles (with the help of Postulate 3). 

However, though Euclid could not draw the entire line, lie 
:ould find several points of it. For example, one point of the 



Figure 3-3 

line must be halfway between the given point F and the given 
line AB. Other points of the line for which we arc looking can 
be found by drawing a circle with any radius b around the 
given point F, and then finding the two points on this circle 
which are also at the distance b from the given line AB. (This 
can be done by drawing a line parallel to AB, at a distance b 
from AB. See Figure 3-3.) 

Descartes solves the problem by beginning with the assump- 
tion that C is one of the points he is looking for. (Sec Figure 

A B 

— i c r— 

i * t 


a 


y 



d c 


Figure 3-4 

3-4.) We have already noted that he calls AB 
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(A is the point at which the perpendicular from F meets AB. 
The distance AF is fixed; let us call it a. Now drop a perpen- 
dicular from C to AF extended; let it intersect this extension 
at D. CDF is a right triangle; hence, according to Proposition 
47 of Euclid, Book I (the so-called Pythagorean theorem), 

CF 2 = FD 2 + DC 2 . 

Note that FD — y -a, and that DC = x. We can write, there- 

£OTe ’ CF 1 ~ {y — a) 2 + x 2 . 

• also know that CF — CB — y. And so we have 
y 2 — (y ~ a) 2 + x 2 . 
y 2 = y 2 — 2 ya + a 2 + x 2 . 

2y a = a 2 + x 2 . 

is can also be written as follows: 

2 ya — a 2 = x 2 

2c(y -|) = x 2 

» matter which way the equation is written, this is the solu- 
n to the problem. 

How is this a solution? We pointed out earlier that no coa- 
uction of the desired line by strictly Euclidean means was 
ssible, and Descartes’ solution certainly is not Euclidean, 
iscartes solves the problem — but only if we revise our un- 
rstanding of what it means to solve a problem. For Euclid, 
means to construct, by means of the given postulates, the 
sired figure. For Descartes, it means to find an equation 
lich reveals all of the characteristics of the desired figure 
sually a curve) . 

Employing Euclid’s conception of geometry, we know notb- 
; about the curve we are looking for until it has been drawn, 
fact, we do not even know that it actually exists. Employing 
scartes’ conception of geometry, all that is needed is to find 
: equation of the curve. If there is an equation, there is a 
"ve; furthermore, the form of the equation reveals every- 
ng there is to know about the curve. For example, a trained 
ithematician looking at the equation which we derived from 
jure 3-4 would be able to tell what kind of curve it is (a pa- 
>ola), which way it points, whether it curves very steeply, 
'ether it intersects AB, and many other things. 

The actual drawing of the curve becomes quite unimportant, 
mgh it can of course be done. We first divide x and y into 
utrary units. We may, for example, count ofi units on AB 
ie x-axis”), by starting at A (c allin g A the 0-point) and 1 

ing to the right. The O-point for the “y-axis” must also be j 

A, so that AF becomes the y-axis. By choosing random val- i 
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ues for x, wc can find the corresponding values for y, and in 
that way find points on the curve. For example, if x ~ 0, wc 

substitute this value in the formula and find that y — Sim- 

2 


ilarly, by substituting 1, 2, 3, etc., for x in the formula, we 
can find the corresponding values of y, and consequently other 
points C. However, the important innovation in Descartes' 
method is that the actual drawing of the curve becomes un- 
important. The curve is in fact identified with its equation, and 
the equation reveals all the important facts concerning the 
curve. 

Descartes’ method is tremendously powerful. Evidence of 
this is the fact that no one nowadays develops geometry in the 
Euclidean fashion; instead, geometry is developed analytically. 
What gives the method this power? First, analytic geometry 
has freed itself from the restrictions of Euclid’s construction 
postulates, or from any other set of construction postulates. 
Such postulates, whether they are Euclid’s, Lobachcvski’s, or 
any other geometer’s, restrict the number of operations that 
can be performed. Certain constructions arc permitted, others 
are not. Descartes’ geometry, since it is basically algebraical, 
is not affected by any of these restrictions. This is not to say 
that it operates without any restrictions. The postulates of 
algebra apply to the algebraical operations. Furthermore, Des- 
cartes uses certain geometrical properties of his figures; on 
page 108 we used Euclid’s 47th proposition in Book I of the 
Elements in order to derive the formula for the parabola. Em- 
ploying this theorem means, of course, that wc arc operating 
in the realm of Euclidean geometry (for this theorem is de- 
pendent on the parallel postulate) . Analytic geometry cannot 
escape all postulates; any geometrical problem must be solved 
within a set of postulates. However, analytic geometry can 
equally well solve problems in Lobachcvskian and in Euclidean 
geometry. The important advantage which analytic geometry 
has lies in the realm of constructions. Euclid could draw only 
straight lines and circles, and Lobachcvski, for all his differ- 
crcnccs with Euclid on parallelism, permitted himself no dif- 
ferent constructions. Descartes, however, permits himself to 
draw any figure whatsoever, because he pays no attention to 
construction postulates. 

The second reason for the power of Descartes’ method is 
the trick of assuming, when a problem needs to be solved, that 
the solution has already been effected. Then, with the required 
line already drawn, Descartes works backwards. If a ccrtr 1 ' 
line is to be drawn, Descartes simply says, “Let it be do’ 

f 
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It is easy to see how greatly this method increases his ability 
to solve problems. All constructions involving curved lines 
other than circles remained completely foreign to Euclid, but 
they are definitely part of Descartes’ sphere of interest. 

Is this “backwards” method of solving problems legitimate? 
If the problem is to contract a line of such-and-such proper- 
ties, to say “Let the construction be done” seems simply to 
circumvent the problem. To understand the sense in which 
Descartes '(and analytic geometry) provides legitimate solu- 
tions, wc must investigate the meaning of “solution.” 

For Euclid, to solve a geometrical problem means to begin 
with what is given or known and then, gradually, piece by 
piece, to add other valid assertions (either propositions or 
postulates), until he arrives at the required answer. Because 
this method arrives at its goal by the compilation of various 
pieces of previously acquired knowledge, it is called the “syn- 
. thetic” method. This method puts together, or synthesizes, 
many small pieces in order to arrive at a result which before 
'• was unknown. 

For Descartes, to solve a geometrical problem means to look 
at the solution as though be had already found it, and break- 
ing it up — or analyzing it — into small parts each of which is 
known to us. This method, therefore, is called the “analytic” 
method, and when it is applied to geometry it gives us analytic 
geometry. 

Is Descartes’ method better or worse than Euclid’s? Both 
methods have their advantages and disadvantages. Euclid’s 
has the advantage of being more orderly; slowly, he proceeds 
from what is known to new and unknown things. On the other 
hand, Descartes’ method has the advantage of being more 
easily learned and of being very fruitful for new discoveries. 
Euclid’s method suffers from the fact that, as we read along in 
a series of propositions or in a single proposition, we very 
often cannot understand why the geometer takes a particular 
direction. Quite frequently it comes as a surprise to the reader 
when Euclid arrives at his desired result. Descartes, who loved 
to impugn the motives of other mathematicians, claimed that 
this was precisely the reason why the ancient geometers em- 
ployed the synthetic method : their achievement seemed all the 
greater because the student could not understand how the re- 
sult had even been discovered. Although we may not agree 
with Descartes’ view of the ancients’ motives, we must con- 
cede that his method clarifies tr» a murt, orpot/»r pvtpnt the 
reason for each sti 
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make some number, the number so produced is called plane, 
and its sides are the numbers which have multiplied one an- 
other, 

17. And, when three numbers having multiplied one an- 
other make some number, the number so produced is solid, 
and its sides are the numbers which have multiplied one 
another. 

18. A square number is equal multiplied by equal, or a 
number which is contained by two equal numbers. 

19. And a cube is equal multiplied by equal and again by 
equal, or a number which is contained by three equal numbers. 

20. Numbers are proportional when the first is the same 
multiple, or the same part, or the same parts, of the second 
that the third is of the fourth. 

21. Similar plane and solid numbers are those which have 
their sides proportional. 

22. A perfect number is that which is equal to its own 
parts . . . 


BOOK IX 


Proposition 20 


Prime numbers are more than any assigned multitude of prime 
numbers. 


Let A, B, C be the assigned prime numbers; I say that there 
arc more prime numbers than A, B, C. 

For let the least number measured by A, B, C be taken, 
and let it be DE ; let the unit DF be added to DE. ’ 

Then EF is cither prime or not. 
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line between the centre of the sun and the centre of the earth. 
This is the common account as you have heard from astron- 
omers. But Aristarchus of Samos brought out a boo?: con- 
sisting of some hypotheses, in which the premises lead to the 
result that the universe is many times greater than that now 
so called. His hypotheses are that the fixed stars and the sun 
remain unmoved, that the earth revolves about the sun in the 
circumference of a circle, the sun lying in the middle of the 
orbit, and that the sphere of the fixed stars, situated about 
the same centre as the sun, is so great that the circle in which 
he supposes the earth to revolve bears such a proportion 
to the distance of the fixed stars as the centre of the sphere 
bears to its surface. Now it is easy to sec that this is impossible; 
for, since the centre of the sphere has no magnitude, we cannot 
conceive it to bear any ratio whatever to the surface of the 
sphere. We must however take Aristarchus to mean this: since 
we conceive the earth to be. as it were, the centre of the uni- 
verse, the ratio which the earth bears to what we describe as 
the ‘universe’ is the same as the ratio which the sphere con- 
taining the circle in which he supposes the earth to revolve 
bears to the sphere of the fixed stars. For he adapts the proofs 
of his results to a hypothesis of this kind, and in particular 
he appears to suppose the magnitude of the sphere in which 
he represents the earth as moving to be equal to what we call 
the ‘universe.’ 

I say then that, even if a sphere were made up of the sand, 
as great as Aristarchus supposes the sphere of the fixed stars 
to be, I shall still prove that, of the numbers named in the 
Principles, some exceed in multitude the number o? the sand 
which is equal in magnitude to the sphere referred to, pro- 
vided that the following assumptions be made. 

1. The perimeter of the earth is about 3.000.000 stadia arid 
not greater. 

It is true that some have tried, as you arc of course aware, 
to prove that the said perimeter is about 300.000 stadia. But 
I go further and, putting the magnitude of the earth at ten 
times the size that my predecessors thought it. I suppose its 
perimeter to be about 3,000,000 stadia and not greater, 

2. The diameter of the earth is greater than the diameter oj 
the moon, and the diameter of the sun is greater than the di- 
ameter of the earth. 

In this assumption I follow most of the earliep astronomers. 

3. The diameter of the sun is about 30 times rite diameter _ 

of the moon and not greater. e'' ^ 






NUMBERS AND COUNTING 


119 


Further, let the plane cut the sphere of the ‘universe’ (i.e. 
the sphere whose centre is C and radius CO) in the great 
circle AOD. 

Draw from E two tangents to the circle FKG touching it 
at P, Q, and from C draw two other tangents to the same circle 
touching it in F, G respectively. 

Let CO meet the sections of the earth and sun in H, K 
respectively; and let CF, CG produced meet the great circle 
AOS in A, B. 

Join EO, OF, OG, OP, OQ, AB, and let AB meet CO in M. 

Now CO > EO, since the sun is just above the horizon. 
Therefore l PEQ > L FCG. 



where R represents a right angle. 



I FCG a fortiori, 


and the chord AD ^ ° ! ° rUon ’ 

!«s than -Ltf, th . s “ ™ the great circle which is 

of 656-sided pol y£on ha*^ ^ ^ ^ 
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(1) Suppose, for brevity, that d u represents the diameter 
of the ‘universe,’ d, that the sun, d e that of the earth, and d m 
that of the moon. 

By hypothesis, d, > 30d m , [Assumptions] 

and de > d m \ [Assumption 2] 

therefore d, < 30 d e . 

Now, by the last proposition, 

d, > (side of chiliagon inscribed in great circle), 
so that (perimeter of chiliagon) < lOOOd, 

< 30,000rf e . 

But the perimeter of any regular polygon with more sides 
than 6 inscribed in a circle is greater than that of the inscribed 
regular hexagon, and therefore greater than three times the 
diameter. Hence (perimeter of chiliagon) > 3 d u . 

It follows that d u < 10,000/L. 

(2) (Perimeter of earth) > 3,000,000 stadia. [Assumption t] 

and (perimeter of earth) > 3 d t . 

Therefore d t < 1,000,000 stadia, 

whence d u < 10,000,000,000 stadia. 


yfsstimpfion 5. 

Suppose a quantity of sand taken not greater than a poppy- 
seed, and suppose that it contains not more than 10,000 grains. 

Next suppose the diameter of the poppy-seed to be not less 
than-djth of a finger-breadth. 

Orders and periods of numbers, 

I. We have traditional names for numbers up to a myriad 
(10,000); we can therefore express numbers up to a myriad 
myriads (100,000,000). Let these numbers be called num- 
bers of the first order. 

Suppose the 100,000,000 to be the unit of the second order, 
and let the second order consist of the numbers from that unit 
up to (100,000,000)2. 

Let this again be the unit of the third order of num- 
bers ending with (100,000,000)3; and so on, until we 
reach the 100,000,000/// order of number^ eu chs ~ w'nu 
(100,000,000) too, ooo.ooo, which we will call P. " 

n. Suppose the numbers from 1 to P just c'escrire: m f~n= 
the first period. 

Let P be the unit of the first order c~ tte seccrd ~ zed. 
let this consist of the numbers from F m r'nit: ” 

Let the last number be the uni: c? me d~dd~ ~ 
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^Consider the series of terms in continued proportion of 
which the first is 1 and the second 10 [i.e. the geometrical 
progression 1 , 10', 10 2 , VP, ...]. The first octad of these 
terms [i.e. 1 , 10', VP , . . . 10 TI fall accordingly under the first 
order of the first period above described, the second octad [i.e. 
10 8 , 10 9 , . . . 10 15 ] under the second order of the first period, 
thefirst term of the octad being the unit of the corresponding 
order in each case. Similarly for the third octad, and so on. 
We can, in the same way, place any number of octads. 


Theorem. 

// there be any number of terms of a series in continued 
proportion, say Aj, A 2, A 3, . . . A m , • • ■ Ar., . . . An±x- u • • • of 
which Ai = 1 , An — 10 [so that die series forms the geomet- 
rical progression 1 , 10 ', 10 2 , . . . 10 m ~ l , . . . — 

lO' 7I + n ~ 2 , , . and if any two terms as A„, A r . be taken end 
multiplied, the product A m -A n will be a term in the same 
series and will be as many terms distant from A n as A n is dis- 
tant from At, also it will be distant from A x by a number of 
terms less by one than the sum of the numbers of terms by 
which A m and A„ respectively are distant from A x . 

Take the term which is distant from A n by the same num- 
ber of terms as A m is distant from A t . This number of terms is 
m (the first and last being both counted). Thus the term to be 
taken is m terms distant from A*, and is therefore the term 

'‘Ihuti-I. 


We have therefore to prove that 

Am' An — • A rci+n-1* 

, Now terms equally distant from other terms in the con- 
tinued proportion are proportional. 

A n, A, 


Thus 


t sim+r.-i* 


But 

Therefore 


•^1 A n 

Am “ Am' A 1, since Ai — 1. 
= A n 'A n (1). 

d J. h n C t f S “° n 5 r T - IS f ow ° ! bvious ’ S ' nce is m terms 
distant from /!,, A n is n terms distant from A h and A m ,k 

(m + n- 1 ) terms distant from A t + 


Application to the number of the sand 
By Assumption 5 [p. 121], 


(diam. 


. u 0t P 0 PPy-seed) (finger-breadth); 
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(7) 100,000,000 stadia 


(8) 10,000,000,000 
stadia 


< 40th term 

< [107 or] 10,000,000 units of fifth i 

order. 

< (7th term of series) X (40th 

term) nft 4Si 

< 46th term 

<r rios or! 100,000 units of sixth or- 


< (7th term of series) X (46th 

term) 

< 52nd term of series 110 51 ] 

< [10 1 * 3 or] 1,000 units of seventh or - 

der. 


But, by the proposition above [p. 120], 

(diameter of ‘universe’) < 10,000,000,000 stadia. 

Hence the number of grains of sand which could be con- 
tained in a sphere of the size of our ’universe’ is less than 
1,000 units of the seventh order of numbers [or 10 51 ]. 

From this we can prove further that a sphere of the size 
attributed by Aristarchus to the sphere of the fixed stars would 
contain a number of grains of sand less than 10,000,000 units 
of the eighth order of numbers [or 10 56+7 — 10 63 ]. 

For, by hypothesis, 

(earth) : (‘universe’) = (‘universe’) : (sphere of fixed 
stars) . 

And [p. 120] 

(diameter of ‘universe’) < 10,000 (diam. of earth); 
whence 

(diam. of sphere of fixed stars) < 10,000 (diam. of ‘universe’). 
Therefore 

(sphere of fixed stars) < (10,000) 3 , (‘universe’). 

It follows that the number of grains of sand which would be 
contained in a sphere equal to the sphere of the fixed stars 

< (10,000) 3 X 1,000 units of seventh order 

< (13th term of series) X (52nd term of series) 

< 64th term of series [i.e. 10 63 * ] 

< [10 7 or] 10,000,000 units of eighth order of 

numbers. 


Conclusion. 


1 conceive that these things, king Gelon, will appear in- 

credible to the great majority of people who have not studied 

mathematics, but that to those who are conversant therewith 

and have given thought to the question of the distances and 

sizes of the earth and the sun and moon and the whole universe 
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■ (fl + b) + C - « + ib + c).- ' n** 
lar arithmetical postulates which are formulation, of 

Euclid, who was so careful and P^sein^r ^ 

the geometrical postulates, is app > modern arithmetic 
haooV-EO-lucky here. In contrast to this, moceru 
ffiSr. pay much atteMta. to to F°W™ «“*“* “ 
right postulates. 

Definition 1 1 defines a prime number as one ‘Vmcn b treas- 
ured bv an unit alone.” Another definition of a 
is that it is not divisible by any number (except ~~ 
unity). Examples of prime numbers are 2 (me oci.- =• — 
prime number), 3, 5,7, II, 13, 17, 19, 23, - 3 ^* J ' • ^~ c ^ 

on. Even from these few examples it is obvious tun: 
numbers become more scarce as we count higher. Eerveen ~ 
and 29 five not-prime numbers (composite numbers - ruur- 
vene. These intervals become larger and larger; bs^ss: 199 
and 211, there are 11 composite numbers, iris mcrem—g 
rarity of prime numbers naturally leads to the cnesucn vremer 
perhaps beyond a certain point in the number scale, mem 
might be no more prime numbers at all. Is it pesubie rim ri r 
numbers beyond a certain one (probably very large: are com- 
posite numbers? Or do prime numbers keep recmrmg, al- 
though less and less frequently? 

Proposition 20 of Book IX of the EUszerz anc 
question: The quantity of prime numbers is irriri: 

Euclid’s way of stating the proposition dees net am 

reveal what he has in mind: “Prime numbers are more fcaj 
any assigned multitude of prime numbers.” This means the 
following: Suppose it is claimed that the number of prime 
numbers is finite, say equal to n. The- Ecdid proves that there 
must be more than n prime cumbers. 

The last statement is a rather curious one On the assumn 
tion that something is the case nan»h- tfw ‘ ~ zmrn P' 
Prime numbers, the opp^is ^ ^ " 

ar ° m ° rC thM n prime num ^' This oddity in fa pre 

sition, constitutes the rtesoa Vor ° f thc prop °- 






aro more than n prime munbM l " ai tbcro 

Esther with the intrinsic 'h!h? m lh f pr0of - '°- 
sition, constitutes the reason for oJlf?!? ° ‘ hC propo ' 
proposition from the arithmetical h«, l mc,udw S *bi s single 
** proof is also remSe'S 5 ? UC,id ’ s 
nothmg previously proved; it exer J dftaf n de PMds on 
Instead of stating the prooHn ^ Zl pure logic atone. 

S*'? f s “ppJ» te '™. * * ta 


Jr, 
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: “How many prime numbers are there?” His answe: 
Id have to be some number; let us assume that he an 
-s: “There are just four prime numbers.” Using Euclid’: 
rod, we will now show that if there are four prime num 
, then there is at least another, a fifth prime number, 
he four prime numbers claimed to be the only ones wouk 
5 to be the first four primes, of course; that is, they wouk 
; to be 2, 3, 5, 7. Form the product of these four numbers— 
lely, 2*3»5*7= 210. Add 1 to this product: 210 + 1 
>11. This new number is either a prime number or not. Ir 
case, 211 is a prime number and, therefore, the propositior 
been proved, for we have found a fifth prime number, 
oppose it had been claimed that there are just six prime 
ibers — namely, 2, 3, 5, 7, 11, 13. Form the product ol 
e numbers. 2«3»5*7*11«13 = 30,030. Add 1 tc 
product: 30,030 + 1 = 30,031. Again we say that this 
iber is either prime or not In this case, it is a composite 
iber and therefore divisible by some prime number. This 
le number cannot be any of the original six, for if any of 
n is divided into 30,031, it leaves a remainder of 1. 
is is the case because all of the original six prime numbers 
divisible into 30,030.) Therefore, the proposition has again 
l proved, since a seventh prime number has been found. 

; seventh prime number is the one which is a factor of 
131. In this example, the number would be 59, since 30,031 
59 • 509. (509 is also prime, so that we have actually 
id not only a seventh but also an eighth prime number.) 
uclid’s proof is merely a generalization of this. If it is 
rted that there are just n prime numbers, form the product 
lese n prime numbers. Add 1 to this product. This number 
ill it K — is itself either prime or not. If K is prime, the 
position has already been proved. If K is not a prime num- 
then it must be divisible by some prime number. This 
ic number is not one of the original n primes, for any of 
: n primes, if divided into K, leaves the remainder 1. 
ce a new prime number has been found — namely, the one 
h is the factor of K. 

hat is the method of this proof? It somewhat resembles 
ction to the absurd. We are to prove that the number of 
es is larger than any given number, and so we begin by 
ning the contradictory, namely that the number of primes 
ual to a given number. But the conclusion which we come 
not in itself absurd; it merely contradicts the original 
nption. From the assumption that there are just n prime 


numbers and counting 


numbers we are able to demonstrate that there arc at 
„ j. 1 prime numbers. We might call this method vcoucoo” 
to ihe opposite." Although this method is powerful, the mwv 
ber of instances where it can be applied is small. 


Mow we turn our attention to Archimedes. There was prob- 
ably no branch of mathematics known to him to which Archi- 
medes did not make a valuable contribution. Living in the 
third century B.c. (from aproximately 287 to 212 b.c.). 
Archimedes displayed a dazzling skill in geometry, in arithme- 
tic, in the calculus, in the physics of the lever, and of floating 
bodies— a skill that was not matched until two thousand years 
later. 

Archimedes lived in Syracuse in Sicily, though he had studied 
at Alexandria. The Sand Reckoner is addressed to Gelon, the 
king of Syracuse; Archimedes was on friendly terms with both 
Gelon and his father, Hiero. On behalf of the kings of Syra- 
cuse, Archimedes constructed many clever mechanical devices, 
especially for repelling besieging armies. Archimedes attached 
little importance to these ingenious machines; he considered 
himself a mathematician and requested that on his tombstone 
there be displayed a sphere with a circumscribed cylinder — 
thus commemorating what he considered to be his outstanding 
achievement, namely, the discovery of the relation of the vol- 
ume of a sphere and a cylinder. 

Archimedes died when Syracuse was conquered by the 
Romans under the command of Marcellus in 212 b.c. Al- 
though Marceltus had given orders that Archimedes was not 
to be harmed, in the confusion of the battle Archimedes was 
slain. Marcellus was chagrined by the unfortunate event and 
ga\e Archimedes a decent burial. Much of our knowledge of 
Archimedes as a person stems from Plutarch’s Life of Mar- 
ccllus. He is best seen, however, through his works, of which 
a great many have survived. The Sand-Reckoner, though it is 
a s iort work, displays his general scientific erudition as well 
as ms skill as a mathematician. 
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piece of matter is infinite.” All of these expressions are not 
merely inaccurate, but wrong. Nothing on this earth is in- 
finitely more complicated or infinitely better than anything 
else, and there is no number that is infinite. (Throughout this 
chapter, we use t e word “number” to stand for “whole num- 
ber” or “integer.”) An infinite amount — leaving aside the 
question of whether or not there is such a thing — would mean 
an amount that cannot be counted, no matter how much time 
is taken to do it. An infinite quantity is not enumerable — it 
cannot be counted. And conversely, anything which can be 
counted — any quantity, no matter how large, to which a 
number can be assigned — is by that token not infinite. No 
number can ever be said to be infinite, for every number al- 
ways has a next one; hence the former number cannot be 
called infinite, since there is at least one number greater than 
it. In fact, a good definition of infinity states that infinity is 
larger than any number that you may name and that conse- 
quently, infinity itself is not a number. 

King Gelon, to whom The Sand-Reckoner is addressed, ' 
evidently a person for whom “very large” and “infinite” w 
synonymous, especially when “very large” means something 
the order of millions or even more. One of the major ta 
that Archimedes sets for himself in this little treatise is to sh 
the king that "large” — no matter how large — is not infin 
but very definitely finite. Archimedes takes a quantity wh 
seems to the uneducated to be so large as to be indistingui 
able from infinity — the number of grains of sand in the i 
verse — and counts it. At least, he shows that this quantity c 
not possibly exceed a certain number which he names. A 
so, if the quantity can be numbered, it is not infinite. 

In order to accomplish his purpose, Archimedes must fi 
have some notion of the size of the universe. He must tell 
what he means by “the universe,” and how large he concei 1 
it to be. He must also tell us how large he takes a grain 
sand to be. Then Archimedes must find a way of nami 
very large numbers, so that he can tell us in a definite way I 
number of grains of sand in the universe. It will not do I 
him simply to say “it’s a very large number”; for nobody < 
nies this. What is desired is a definite number to be assign 
to the quantity of sand; this will show that the quantity 
finite. 

By “universe” Archimedes means the space enclosed by t 
>phere of the fixed stars. (In ancient astronomy, all fixed st; 
vere thought to be attached or “fixed” to one celestial spheri 
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In defining what he means by “universe.” Archimedes write 
as follows (remember that the entire work is addressed to 
King Gelon) : 

Now you are aware that “universe” is the name given 
b} most astronomers to the sphere whose centre is the 
centre of the earth and whose radius is equal to the 
straight line between the centre of the sun and the centre 
of the earth (p. 116). 

°^, tbe u ni verse is based on the geocentric hypothec 

with sun' m!n S th ? Ueht t0 be 111 {he center of the universe, 
! the fixed stars all revolving 
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If the heliocentric theory’ is adopted, the fixed stars must 
be far more distant from the earth than they need be in the 
geocentric theory. Although the earth is sometimes closer to, 
and sometimes farther from, a given star (depending on where 
the earth is in the course of its annual revolution around the 
sun), the earth always seems to be exactly in the center of the 
universe. This can be the case only if the distance to the fixed 
stars is so great that in relation to it, the distance from the 
earth to the sun is so small as to be negligible. This is what 
Archimedes means when he writes that “the sphere of the 
fixed stars ... is so great that the circle in which he supposes 
the earth to revolve bears such a proportion to the distance of 
the fixed stars as the centre of the sphere bears to its surface.” 

Now Archimedes begins to put down some hypothetical fig- 
ures about the actual size of the universe. He is not so much 
concerned to give accurate figures for the astronomical dis- 
tances as to be sure alsvays to give a greater distance than any- 
one has proposed. In this way — if he succeeds in showing that 
the grains of sand in such a universe are enumerable — it will 
certainly be obvious that the quantity of sand in the actual 
universe, being smaller, must be also enumerable. 

Archimedes begins by giving a value for the circumference 
of the earth. He assumes that it is no larger than 3 million 
stadia. A stadium is a Greek unit of length; it was not every- 
where the same length. (Just as “mile” can mean a statute 
mile or a nautical mile, and just as “gallon” designates a dif- 
ferent volume in the United States and in Canada.) For our 
purposes we may say that a stadium is approximately 600 feet 
long. Consequently, as brief calculation will show, the figure 
of 3 million stadia is far too large for the circumference of 
the earth; in fact, 300,000 stadia, which, as Archimedes notes, 
some other astronomers proposed for the size of the earth, 
is much closer. But Archimedes is only interested in giving 
estimates that are not too small. 

Further, Archimedes notes that the diameter of the sun is 
greater than the diameter of the earth, while the diameter of 
the earth is greater than that of the moon. In addition, Archi- 
medes assumes that the diameter of the sun is about 30 times 
as great as the diameter of the moon, but not more than that 
For this result , he relies on experimental work by various as- 
tronomers; again, to be on the safe side he elects a value which 
makes the sun greater than any of the astronomers has found 
it to be. 

So far all the assumptions have dealt with the diameters 
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of three bodies: the earth, the sun, and the moon. Since Arc 
medcs is interested in the size of the “universe,” he must c< 
ncct these diameters with the diameter or with the circumf 
cnee of the universe. This he docs in Assumption 4, in whi 
he tells us that if a regular chiliagon (figure of a thousa 
sides) is inscribed in the “equator” of the universe, then t 
diameter of the sun is greater than the side of the chiliage 
Actually, Archimedes proves this statement by means of e 
pcrimcntal evidence. Then he goes on: 

Since 

the diameter of the sun is equal to or less than 30 diar 
ctcrs of the moon 
and 

the diameter of the moon is less than the diameter of tl 
earth 
or 

30 diameters of the moon arc less than 30 diameters < 
the earth, 
it follows that 

the diameter of the sun is less than 30 diameters of tl- 
earth. 

Assumption 4 states that 

the diameter of the sun is greater than the side of tli 
chiliagon inscribed in the universe. 

Thus 

1000 diameters of the sun arc greater than 1000 side 
of the chiliagon 
which means that 

1000 diameters of the sun arc greater than the circum 
fcrencc of the chiliagon. 

Turning this last inequality around, we have 

the circumference of the chiliagon is less than 1000 diani 
ctcrs of the sun 
ot- 

thc circumference of the chiliagon is less than 30,00! 
diameters of the earth. 

The circumference of a regular hexagon (six-sided figure; 
inscribed in a circle is three limes the diameter of the circle 
Any regular figure which has more than six sides has a circum 
fcrencc larger than that of the hexagon, but smaller than lha 
of the circle. Consequently, the circumference of a regulai 
chiliagon inscribed in the equator of the nm'*’"”' is gteates 
than three times the diameter of the univc ‘-s 

this down: 
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The circumference of the chiliagon is greater than 3 diam- 
eters of the universe 
or, turning this around, 

3 diameters of the universe are less than the circumfer- 
ence of the chiliagon. 

Dividing by three, we have 

the diameter of the universe is less than Vs of the circum- 
ference of the chiliagon. 

Reverting to the relation between the circumference of the 
chiliagon and the diameter of the earth, we have 

the diameter of the universe is less than Vs of 30,000 
diameters of the earth, 
or 

the diameter of the universe is less than 10,000 diameters 
of the earth. 

Since the circumference of the earth has been assumed to 
be at most 3 million stadia, the diameter of the earth must be 
ess than 1 million stadia. (This is true because the diameter 
rf a circle is multiplied by t r, which is greater than 3, in order 
:o obtain the circumference of a circle.) 

Hence, if 

'■ , the diameter of the earth is less than 1 million stadia, 
,.iit follows that 

the diameter of the universe is less than 10,000 million 
stadia, 
or 

the diameter of the universe is less than 10 billion stadia. 
Since, as we noted earlier, a stadium is about 600 feet or 
79 of a mile, the “universe” in this calculation turns out to 
lave a diameter of about 1.1 billion miles. Imagine the vast 
[uantity of sand, if this entire universe were filled with sand! 
Nevertheless, Archimedes proposes to tell us the number of 
rains of sand if this universe contained nothing but sand. 

Let us simplify Archimedes’ statements just a little. Let us 
ay, for example, that he maintains that 

1 stadium equals 10,000 fingerbreadths. 

Since 

1 fingerbreadth equals 40 diameters of a poppy seed, 
it follows that 

1 stadium equals 400,000 diameters of a poppy seed. 
Now the volumes of spheres are to each other as the cubes 
f their diameters. Hence we have 

r olume of a sphere with the diameter of 1 stadium _ 
’olume of a sphere with the diameter of 1 poppy seed 
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pressed, therefore, by a number of the seventh order. .There 
no need even to go to the end of the first period of number: 

To appreciate Archimedes’ achievement in developing sue 
a scheme, remember that in explaining it, we constantly ha 
recourse to the decimal system. We expressed all of Arch 
modes’ numbers in terms of powers of ten. Archimedes, 
must be remembered, did not possess the symbol “0” for wri 
ing numbers. What seems easy to us, therefore, required 
tremendous effort of imagination and insight. Even withoi 
the symbol “0” Archimedes took the basic step in the writin 
of numbers: he uses each number that he can express as th 
unit for a new group of numbers. Tin's is exactly what is don 
in the decimal system, or in any other system that writes il 
numbers by reference to the powers of some unit 


CHAPTER FIVE 
Dedekind — Irrational Numbers 


PART i 


Whereas the previous selection dealt with some fairly simple 
problems in the realm of numbers — whether they are prime, 
how many prime numbers there are, how to count numbers — 
the selection now before us deals with a very sophisticated 
problem. It establishes, in very rigorous and convincing fash- 
ion, that there is a kind of number which is very special. It is 
called “irrational," and its defining property is that there is no 
number, no matter how small, which can be a factor of both 
an irrational number and a rational number. No matter how 
tiny a fraction you choose, you can never find one that will 
go into both the number 2 (a rational number) and the number 
V 2 (an irrational number). The existence of such numbers 
had been known long before Dedekind, but he put the theory 
of irratioaal numbers on a rigorous and respectable footing. 


Richard Dedekind: 
Continuity and Irrational Numbers * 


My attention was first directed toward the considerations 
which form the subject of this pamphlet in the autumn of 
1858. As professor in the Polytechnic School in Zurich I found 


* From Essays on the Theory of Numbers, trans. by Wooster Wood- 
ruff Beman (3rd printing; Chicago-London: The Open Court Publish- 
ing Company, 1924), pp. 1-19. Reprinted by permission. 
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myself for the first time obliged to lecture upon the elements 
of the differential calculus and felt more keenly than ever be- 
fore the lack of a really scientific foundation for arithmetic. Jn 
discussing the notion of the approach of a variable magnitude 
to a fixed limiting value, and especially in proving the theorem 
that every magnitude which grows continually, but not beyond 
all limits, must certainly approach a limiting value, I had re- 
course to geometric evidences. Even now such resort to geomet- 
ric intuition in a first presentation of the differential calculus. I 
regard as exceedingly useful, from the didactic standpoint, and 
indeed indispensable, if one docs not wish to lose too much 
time. But that this form of introduction into the differential 
calculus can make no claim to being scientific, no one will 
deny. For myself this feeling of dissatisfaction was so over- 
powering that I made the fixed resolve to keep meditating on 
the question till I should find a purely arithmetic and perfectly 
rigorous foundation for the principles of infinitesimal analysis. 
The statement is so frequently made that the differential cal- 
culus deals with continuous magnitude, and yet an explana- 
tion of this continuity is nowhere given; even the most rigorous 
expositions of the differential calculus do not base their proofs 
upon continuity but, with more or less consciousness of the 
fact, they either appeal to geometric notions or those suggested 
by geometry, or depend upon theorems which arc never es- 
tablished in a purely arithmetic manner. Among these, for 
example, belongs the above-mentioned theorem, and a more 
careful investigation convinced me that this theorem, or any 
one equivalent to it, can be regarded in some way as sufficient 
basis for infinitesimal analysis. It then only remained to dis- 
cover its true origin in the elements of arithmetic and thus at 
the same time to secure a real definition of the essence of con- 
tinuity '. I succeeded Nov. 24. 1858. and a few days afterward 
i communicated the results of my meditations to my d:~' 

, friend Durege with whom I had a long and lively discus^-" 
Later I explained these views of a scientific basis of an':hr^ : • 
to a few of my pupils, and here in Braunschweig read : . r ~‘ 
upon the subject before the scientific club of profcsse*s •' 
could not make up my mind to its publication, 
the first place, the presentation did not seem altoretr- 
and further, the theory itself had little promise_>'"" 

I had already half determined to select this 

for this occasion, when a few days ago, 

kindness of the author, the paper Die Elctner. ' 

khre by E. Heine ( Crcltc's Journal, Vol. ' 
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hands and confirmed me in my decision. In the main I fully 
agree with the substance of this memoir, and indeed I could 
hardly do otherwise, but I will frankly acknowledge that my 
own presentation seems to me to be simpler in form and to 
bring out the vital point more clearly. While writing this pref- 
ace (March 20, 1872), I am just in receipt of the interesting 
paper Ueber die Ausdehnung eines Satzes aus der Theorie der 
irigonomelrischen Reihett, by G. Cantor (Math. Annalen, Vol. 
5), for which I owe the ingenious author my hearty thanks. 
As’ I find on a hasty perusal, the axiom given in Section II 
of that paper, aside from the form of presentation, agrees with 
what I designate in Section III as the essence of continuity, 
lut what advantage will be gained by even a purely abstract 
lefinition of real numbers of a higher type, I am as yet unable 
:o sec, conceiving as I do of the domain of real numbers as 
:omplete in itself. 


[ Properties of Rational Numbers 

The development of the arithmetic of rational numbers is 
here presupposed, but still I think it worth while to call atten- 
tion to certain important matters without discussion, so as to 
show at the outset the standpoint assumed in what follows. I 
regard the whole of arithmetic as a necessary, or at least nat- 
jral, consequence of the simplest arithmetic act, that of count- 
ng, and counting itself as nothing else than the successive cre- 
ition of the infinite series of positive integers in which each 
ndividuai is defined by the one immediately preceding; the 
implest act is the passing from an already-formed individual 
o the consecutive new one to be formed. The chain of these 
lumbers forms in itself an exceedingly useful instrument for 
he human mind; it presents an inexhaustible wealth of re- 
narkable laws obtained by the introduction of the four fun- 
lamental operations of arithmetic. Addition is the combina- 
ion of any arbitrary repetitions of the above-mentioned sim- 
ilest act into a single act; from it in a similar way arises mul- 
iplication. While the performance of these two operations 
; always possible, that of the inverse operations, subtraction 
nd division, proves to be limited. Whatever the immediate 
ccasion may have been, whatever comparisons or analogies 
nth experience, or intuition, may have led thereto; it is cer- 
u'nly true that just this limitation in. performing the indirect 



operations has in each case been t'-.c real motive for a new 
creative act; thus negative and fractional numbers have been 
created by the human mind; and in the system of all rational 
numbers there has been gained an instrument of infinitely 
greater perfection. This system, which I shall denote by R , 
possesses first of all a completeness and sclf-containcdncss 
which I have designated in another place* as characteristic of 
a body of numbers (Zahlkorpcrj and which consists in this that 
the four fundamental operations arc always pcrformablc with 
any two individuals in /?. i. c., the result is always an individual 
of R, the single case of division by the number zero being ex- 
cepted. 

For our immediate purpose, however, another property of 
the system R is still more important; it may be expressed by 
saying that the system R forms a well-arranged domain of one 
dimension extending to infinity on two opposite sides. What 
is meant by this is sufficiently indicated by my use of expres- 
sions borrowed from geometric ideas; but just for this reason 
it will be necessary to bring out clearly the corresponding 
purely arithmetic properties in order to avoid even the ap- 
pearance as if arithmetic were in need of ideas foreign to it. 

To express that the symbo's a and b represent one and the 
same rational number we put «--/> as well as b — a. The fact 
that two rational numbers a. b arc different appears in this that 
the difference a — b has cither a positive or negative value. In 
the former case a is said to be yjenter than b, b less than c; this 
is also indicated by the symbols a > b, b < a . t As in the lat- 
ter case b — a has a positive value it follows that /> > a, a < />. 
In regard to these two ways in which two numbers may differ 
the following laws will hold: 

t. If a > ~b, and b > c, then a > c Whenever a, c are two 
different (or unequal) numbers, and /> is greater than the one 
and less than the other, we shall, without hesitation becnU'C 
of the suggestion of geometric ideas, express this briefly by 
saying: b lies between the two numbers a , r. 

it. If a, c are two different numbers, there arc inffr 
many different numbers lying between a, c. 

lit. If a is any definite number, then all numbers of i" 
tern R fall into two classes. A, and A each of which ” 
infinitely many individuals; the first class A x comprise* - - 

* Varlrsur.srr. I iber 7.c!:!cnthconr. by V. G. Le'y 
etl. ? 1 s'). _ ” ■ . : - 

t Hence in vliat follows the so-called "nlrchfaie" 
understood unless the word "absolute” is added. 
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bers a i that are < a, the second class A 2 comprises all numbers 
a 2 that are > a; the number a itself may be assigned at pleas- 
ure to the first or second class, being respectively the greatest 
number of the first class or the least of the second. In every 
case the separation of the system R into two classes A 1, As is 
such that every number of the first class Ai is less than every 
number of the second class A 2. 


n Comparison of the Rational Numbers with 
the Points of a Straight Line 

The above-mentioned properties of rational numbers recall 
the corresponding relations of position of the points of a 
straight line L. If the two opposite directions existing upon it 
are distinguished by ‘‘right” and “left," and p, q are two dif- 
ferent points, then either p lies to the right of q, and at the 
same time q to the left of p, or conversely q lies to the right 
of p and at the same time p to the left of q. A third case is im- 
•' possible, if p, q are actually different points. In regard to this 
difference in position the following laws hold: 

I. If p lies to the right of q, and q to the right of r, then p 
lies to the right of r; and we say that q lies between the points 
p and r, 

II. If p, r are two different points then there always exist in- 
finitely many points that lie between p and r. 

in. If p is a definite point in L, then all points in L fall into 
two classes, Pi, P-, each of which contains infinitely many in- 
dividuals; the first class Pi contains all the points pi, that lie 
to the left of p, and the second class P 2 contains all the points 
P2 that lie to the right of p; the point p itself may be assigned 
at pleasure to the first or second class. In every case the sep- 
aration of the straight line L into the two classes or portions 

Pi, is of such a character that every point of the first class 
Pi lies to the left of every point of the second class P-. 

This analogy between rational numbers and the points of 
a straight line, as is well known, becomes a real correspondence 
when we select upon the straight line a definite origin or zero- 
point 0 and a definite unit of length for the measurement of 
segments. With the aid of the latter to every rational number 
a a corresponding length can be constructed and if we lay 
this off upon the straight line to the right or left of 0 accord- 
ing as a is possitive or negative, we obtain a definite end-point 
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which may be regarded as the point corresponding to the 
Tiber o\ to the rational number zero corresponds the point 
In this way to every rational number a, i. e., to ever}’ indi- 
ual in R, corresponds one and only one point p , i. e., an in- 
idual in L. To the two numbers a, b respectively correspond 
; two points p, q, and if a > h. then p lies to the right of q. 
the laws i, it, in of the previous Section correspond com- 
:tc!y the laws I, H, in of the present. 


Continuity of the Straight Line 

Of the greatest importance, however, is the fact that in the 
aight line L there arc infinitely many points which corrc- 
snd to no rational number. If the point p corresponds to 
: rational number a, then, as is well known, the length Op is 
mmcnsurablc with the invariable unit of measure used in 
: construction, i. c., there exists a third length, a so-called 
mmon measure, of which these two lengths arc integral 
jltiplcs. But the ancient Greeks already knew and had dem- 
strated that there arc lengths incommensurable with a given 
it of length, c. g., the diagonal of the square whose side is 
: unit of length. If we lay off such a length from point 0 
on the line we obtain an end-point which corresponds to 
i rational number. Since further it can be easily shown that 
ere arc infinitely many lengths which are incommensurable 
th the unit of length, we may affirm: The straight line L is 
finitely richer in point-individuals than the domain R of ra- 
>nal numbers in number-individuals. 

If now, as is our desire, we try to follow up arithmetically 
I phenomena in the straight line, the domain of rational num- 
rs is insufficient and it becomes absolutely necessary that 
c instrument R constructed by the creation of the rational 
imbers be essentially improved by the creation of new num- 
rs such that the domain of numbers shall gain the same 
•niplctencss, or as we may say at once, the same continuity, 
the straight line. T' 

The previous considerations arc so familiar and well 1 
all that many will regard their repetition quite super, 
ill I regarded this recapitulation as necessary to prepare ; 
ly for the main question. For. the way in which the 
5nal numbers arc usually introduced is based directly . 
c conception of extensive magnitudes — which itself is 
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where carefully defined — and explains numbers as the result 
of measuring such a magnitude by another of the same kind.* 
Instead of this I demand that arithmetic shall be developed 
out of itself. 

That such comparison with non-arithmetic notions have fur- 
nished the immediate occasion for the extension of the num- 
ber-concept may, in a general way, be granted (though this 
was certainly not the case in the introduction of complex num- 
bers); but this surely is no sufficient ground for introducing 
these foreign notions into arithmetic, the science of numbers. 
Just as negative and fractional rational numbers are formed 
by a new creation, and as the laws of operating with these 
numbers must and can be reduced to the laws of operating 
with positive integers, so we must endeavor completely to de- 
fine irrational numbers by means of the rational n 
• alone. The question only remains how to do this. 

The above comparison of the domain R of rational ni 
with a straight line has led to the recognition of the ex 
of gaps, of a certain incompleteness or discontinuity 
former, while we ascribe to the straight line completes 
sence of gaps, or continuity. In what then does this cor 
consist? Everything must depend on the answer to thi 
tion, and only through it shall we obtain a scientific b: 
the investigation of all continuous domains. By vague ri 
upon the unbroken connection in the smallest parts ob 
nothing is gained; the problem is to indicate a precise cha 
istic of continuity that can serve as the basis for valid 
tions. For a long time I pondered over this in vain, but 
I found what I was seeking. This discovery will, perhaps, 
ferently estimated by different people; the majority may 
substance very commonplace. It consists of the following, 
preceding section attention was called to the fact that 
point p of the straight line produces a separation of tbi 
into two portions such that every point of one portion 
the left of every point of the other. I find the essence c 
tinuity in the converse, i. e., in the following principle 

“If all points of the straight line fall into two classe 
that every point of the first class lies to the left of ever} 
of the second class, then there exists one and only oaf 

* The apparent advantage of the generality of this definition c 
her disappears as soon as we consider complex numbers. Accor 
my view, on the other hand, the notion of the ratio between two r 
of the same kind can be clearly developed only after the intro 
of irrational numbers. 
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which produces this division of al] points into two classes, 
severing of the straight line into two portions." 

As already said I think I shall not err in assuming that es 
one wiff at once grant the truth of this statement; the majo 
of my readers will be very much disappointed in learning l 
by this commonplace remark the secret of continuity is tc 
revealed. To this I may say that I am glad if every one fi 
the above principle so obvious and so in harmony with 
own ideas of a line; for I am utterly unable to adduce ; 
proof of its correctness, nor has any one the power. The 
sumption of this property of the line is nothing else than 
axiom by which we attribute to the line its continuin', by wi 
we find continuity in the line. If space has at all a real e? 
ence it is not necessary for it to be continuous; many of 
properties would remain the same even were it disconti 
ous. And if wc knew for certain that space was discontinu 
there would be nothing to prevent us, in case we so desii 
from filling up its gaps, in thought, and thus mating it c 
tinuous; this filling up would consist in a creation of r 
point-individuals and would have to be effected in accorda 
with the above principle. 


IV Creation of Irrational Numbers 

From the last remarks it is sufficiently obvious how 
discontinuous domain R of rational numbers may be rende 
complete so as to form a continuous domain. In Scctio: 
it was pointed out that even' rational number a effects a s 
aration of the system R into two classes such that every ni 
ber ai of the first class A } is less than every number a : of 
second class A : ; the number a is either the greatest num 
of the class /fi or the least number of the class A -. If now t 
separation of the system R into two classes A j, Az, is git 
which possesses only this characteristic property that cv 
number o a in A^ is less than every number a : in A : , then 
brevity we shall call such a separation a cut [Schnitt] and d 
ignate it by (<4„ Ac). Wc can then say that every ratio 
number a produces one cut or, strictly speaking, two ci 
which, however, wc shall not look upon r -iffnliy diffcrc 
this cut possesses, besides, the property . - 
numbers of the first class there exists 
numbers of the second class a least nt. . 
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If in this we assume x to be a' positive number from the 
class A i, then x 2 < D, and hence y > x and y 2 < D. Therefore 
y likewise belongs to the class A\. But if we assume x to be 
a number from the class A 2 , then x 2 > D, and hence y < x, 
y > 0, and y2 > D. Therefore y likewise belongs to the class 
A 2 This cut is therefore produced by no rational number. 

In this property that not all cuts are produced by rational 
numbers consists the incompleteness or discontinuity of the 
domain R of all rational numbers. 

Whenever, then, we have to do with a cut (A h A 2 ) pro- 
( n “i r by no ™honaI number, we create a new, an irrational 
umber c , which we regard as completely defined by this cut 

me frihJl Ae mmber a corr esponds to this 

^ ' h ' ° rderl> of 

irstr ™;r c r ( b r rrs 

5=) produced by any two ^ and 

it !£ $ ificr “ffis 

»"mber is contained 1 te . m “*■' lb “ if the 

?“ U »»w we compared tlTTf ““ m,mbere less 
each other, it may happcp 0 S Jch *st classes A,, L>, with 
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ongs to the class A 3 ; for since there is in A 3 number = b' 2 
which belongs to the class B 2 , it follows that the number ft, 
whether the greatest number in Z? 3 or the least in B : is cer- 
ainly d 2 and hence contained in A\. Likewise it is obvi- 
3 us from a > ft that the greater number a, if rational, cer- 
tainly belongs to the class B 2 , because a a\. Combining 
these two considerations we get the following result: If a cut 
is produced by the number a then any rational number be- 
longs to the class A\ or to the class A 2 according as it is less 
or greater than a; if the number a is itself rational it may be- 
long to either class. 

From this we obtain finally the following: If a> ft, i. e., 
if there are infinitely many numbers in Ai not contained in 
Bi then there are infinitely many such numbers that at the 
same time are different from a and from ft; every such ra- 
tional number c is < n, because it is contained in Ai and at 
the same time it is > ft because contained in B 2 . 


PART II 


The name of Pythagoras of Samos, a Greek mathematician 
and philosopher of the sixth century' B.C., is indelibly asso- 
ciated with the discovery' of irrational numbers. According 
to tradition, Pythagoras discovered that the side and the di- 
agonal of a square arc incommensurable: if the length of the 
side of the square is called “1,” then the length of the diagonal 
is given by the value of the square root of 2, a value that is an 
irrational number. 

There are several terms in the preceding paragraph which 
need clearing up. Foremost among them is ''irrational next 
in importance, because of its close relation to irrationality, is 
“incommensurable.” The way to understand the problem of 
irrationality among numbers is to understand first of all what 
rational numbers arc. This in turn requires us to go back and 
begin with the simplest of all numbers, the positive-^— ogers. !. 
2, 3,4,..., etc. (Actually, even these numbers r\ , . .'nplc: 

/ .• 

L 

U 
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tion is perfectly legitimate; mathematicians prefer however, 
the second answer, since they like to leave , 

problems as possible. In this case, the price of finding as 
tion is a new definition of number with a consequent expan- 
sion of the number system. _ . . .. 

If we reckon all integers— -both positive and negative (as well 
as 0)— as belonging to the number system, then the operation 
of subtraction can always be performed within^ that system. 
For subtraction, the system of natural numbers is not closed, 
but the system of all integers is. Subtracting an integer from 
an integer always results in another integer. Certain rules 
must be established, of course, to indicate how the operations 
are to be performed, but these rules present no difficulties. 
For example, - 5- (-8) = -5 + 8, according to the rules. 
We do not intend here to investigate whether these rules are 
good, clear, or self-explanatory. We only want to point out 
that the rules are such that any subtraction problem has just 
one answer, and that the answer — if the problem involves in- 
tegers — is always an integer. 

This expansion of the number system to include negative 
integers not only makes subtraction among natural numbers 
always possible; it also is the case that this new system of all 
integers is closed for subtraction, so that subtraction among 
integers (whether positive or negative) is always possible. 

We have already indicated that the system of natural num- 
' is not closed for division. How about the system of all 
gers? Is it closed for division? The answer again is No. 
introduction of negative integers has done nothing toward 
ing the problem of making division always possible. What 
ds to be done, if we are faced with division problems such 
10 = 7, is either the declaration that this problem has no 
ition, or else another expansion of the number system to 
ude fractions. If we are willing to modify our definition of 
nber once more and to expand our number system accord- 
^ cn we can give an answer to division problems such 
40 = 7; the answer is, of course 5-. 

3y introducing not only positive but also negative fractions 
can make division always possible as long as it involves 

intST W mtegers or fract 'ons. There is one 

we D vWn VC K I n VIS10n by 0 is called for > *ere is no 
, m ; ; 5! , L by 0 « dedared not possible. We mention 
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serves to define an irrational number; accordingly this method 
is referred to as the “Dedekind Schnitt.” 

Dedckind’s procedure is very simple and very difficult to 
understand. What he does is apparently so unexciting that 1 
is difficult to rea ize t .e significance of it. 

Dcdckind begins by noting three laws that are true for any 
tsvo rational numbers n and ~b, which are not equal. 

j If « is greater than 6 and b is greater than c. then also 
a is greater than c. The property of being “greater than is 
transitive, as we would now say. 

2 . Between any two rational numbers, there lies an infinite 
number of other rational numbers. We have already men- 
tioned this property of the rational number system. 

3 . Any rational number a divides the entire system ot ra- 
tional numbers into two classes. One class contains all those 
rational numbers smaller than a ; the other class, those num- 
bers greater than a. These are two completely distinct classes, 
having no members in common. To which of these two classes 
does a itself belong? We may assign it to either class; it makes 
no difference. No matter where we place a itself, it is true that 
any member of the first class is smaller than any member of 
the second class. The only difference is this: if we assign a 
to the first class, then this class has a greatest member, namely 
a, while the second class has no least member (for between 
any member of the second class and a, there always exists an 
infinite number of other rational numbers). If, on the other 
hand, we assign a to the second class, then this second class 
has a least member, namely a, while the first class has no great- 
est member. (For again, if we put forward any rational num- 
ber in the first class as allegedly the greatest, it is always pos- 
sible to find infinitely many other rational numbers which are 
larger than this number but still smaller than a, and so belong 
to the first class.) 

fofiows^ 0 ^ Surnmari2es 1116 significance of this kind of cut as 


one cut or I \, S T ^ t f' at ev . ery rational number a produces 
we shall not w '' , Speaiang ’ two cuts > which, however, 
posscsfes bJiS “ essenlia, 'y different; this cut 
numbers either amon g the 

the numbers nf u, P here exists a greatest or among 

conmseiy if ac5 jf° nd a ieast num ber. And 

duced by this greatSt oHp” P r0perty ’ theQ u ® pro- 
3 ^ ealest or 3eas t rational number (p. 145). 
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ch as X 2 and (X + l) 2 . If D = 18, then X = 4, and X+ 1 = 
18 lies between 16 and 25. . 

Now Dedekind divides all rational numbers into two classes, 
terms of D. He calls these two classes Ai and A 2 . The sec- 
id class, A 2 , includes ail positive rational numbers whose 
juarc is greater than D\ the first class, A\, includes all other 
itional numbers. Every number in A\ is less than any num- 
zr in A s . A i contains all negative numbers, since A 2 contains 
nly positive numbers and any negative number is, of course, 
nailer than any positive number. The positive numbers which 
i contains are smaller than the positive numbers in An, for 
te only positive numbers in A t are those whose square is less 
tan D, whereas An contains all those positive numbers whose 
piare is greater than D. 

Thus A\ and An are two classes of the kind which Dedekind 
as discussed earlier: any member of A\ is less than any mean- 
er of An, and any member of A 2 is greater than any member 
f A\. But Aj has no greatest member and A 2 has no least 
letnbcr. This last fact still remains to be shown; but if Dede- 
ind succeeds in demonstrating it, he will also have succeeded 
t proving that here is a cut in the rational number system not 
tade by a rational number. 

4 Everything, then, depends on the absence of both a least 
in An) and a greatest (in A\) member. To show that these 
umbers are absent, Dedekind begins by first showing that 
here is no rational number whose square is D. The proof is 
y reduction to the absurd. 

Let us assume that in fact there is a rational number whose 
quare is D. Since, by assumption D lies between the squares 
>f two adjacent integers (X and X + 1), the rational number 

"hose square is D must be a fraction. Let it be-. Let these 

u 


* the least positive numbers in which that fraction can be 
ieW” C TT, that IS ' let U DOt be P° ssible {0 do any more “can- 
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o: 


fi = Du 2 


fi - Difl = o. 

If we substitute the value 4 for D i 


u 2 iOT D in the inequality 
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X 2 < D < (X + l) 2 

we get 

X 2 <- 2 <(X+1) 2 ' 
u 2 


or - 

X 2 u 2 < t 2 < (X + l) 2 u 2 
or 

Xk <C / < (X + 1)h. 

Regarding first only the left side of the last inequality, we 
see that 

0 < t - Xu. 

This means that t — Xu is a positive quantity. Furthermore, 
since t, X, u are all integers, t — Xu must also be an integer. 

Looking now at the right side of the above inequality, we 
see that 

t < Xu + u 

or again 

t — X<u. 

Let us give the quantity t — Xu the name u'. Let us also give 
the name 1 to the quantity Dn — Xt. This last quantity is cer- 
tainly an integer, since D, u, X, and t are all integers. It is also a 
positive integer, for Du is greater than Xt. This may be seen 
as follows: 

Dii 2 = fi 



The last line may be written as 

_ t 

Du — t — . 
u 

Now^, when squared, makes D, while X when squared mak 


X 2 , and D is greater than X 2 ; therefore — is greater than 


Hence Du, which equals t is greater than t • X. 

Now form the quantity t' 2 — Du' 2 . This is equal to 
(Du — Xt) 2 — D(t — Xu) 2 . 

This last quantity is equal to 

D 2 u 2 - IDuXt + X 2 f 2 - Dt 2 + IDtXu - DX 2 u 2 
or 

D 2 u 2 + X 2 / 2 - Dt 2 -DX 2 u 2 
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This last quantity can be written as 

(A 2 - D)(t 2 - Du 2 ). 

But we know that {fl -Du*) = 0, by the assumption that 

i. when squared equals D. Therefore the whole product is 

« 

equal to 0. And therefore also 
1 t ’ 2 - Du ’ 2 = 0. 

This means that 



And since i >/ is smaller than u, this contradicts the original 
assumption that — was the fraction in the smallest terms which, 
when squared, gives D. 

Hence we conclude that the number whose square is D is 
not rational — that is, that it cannot be expres.ed as a fraction 
of integers. Having established this, we can show that the 
class A i has no greatest, and the class A 2 no least, member. 

The method of proof is another reduction to the absurd, 
pose there is a number * which is the greatest in Ay. (It 
, of course, be a positive number.) Now form the quantity 

_*(* 2 + 3D) 

3 * 2 + Z> 


cn 


*(* 2 + 3D) *(* 2 + 3D) - *(3*2 + D* 

3a: 2 + D * 3*2 + D 

x 3 + 3 Dx ~ 3* 3 - xD 2 Dx - 2* 3 


3*2 + D 3*2 + D 

2*(D - *2) 

3* 2 +Z> ' 


ansidcr this last quantity: * is positive, and since * is assumed 
belong to the class A u D is greater than * 2 . Therefore, the 
imerator of the fraction is positive, and the entire fraction 
positive, since the denominator is clearly positive. But if the 
wntity y ~ x is positive, then y is greater than *. 
furthermore, yi is less than D and therefore y belongs to A-, 
sec this, consider the same quantity y as before, namely,' 

„ _ J (* 2 + 3 D) 
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a 

, x 2 (x 2 4 3D ) 2 ' x 2 (x4 4 6 x 2 D 4 9D 2 ) 

y ~ (3x2 + D )2 ~ (3x 2 4£>) 2 

x 6 4 6x4 D 4 9D 2 x 2 
' ~~ (3x 2 4£>) 2 

Q 

, „ x 6 4 6413 4 9D 2 x 2 Gx*D ~ D 

D ~ (3x 2 4D ) 2 

x 6 + 6.413 4 9Z3 2 x 2 - 0(34 4 23)2 
~ (3x 2 4Z )) 2 

4 4 64Z3 4 9Z3 2 x 2 - 9234 - 6 x 2 D 2 - D 2 
~ (3x2 4 D ) 2 

4 - 3 4£> 4 3x 2 £> 2 - Z>3 _ ( x 2 _ Z3 ) 2 
~ ( 3 x 2 4 . £») 2 ~ ( 3.4 4 D) 2 

'he numerator of the last fraction is negative. For x 2 is 
than 23, so that x 2 — 23 is negative. And a negative num- 
raised to the third power gives another negative number. 
)r example, — 5 raised to the third power is — 1 25.) The 
lominator of the fraction is positive, and therefore the frac- 
1 as a whole is negative. This means that y 2 — D is nega- 
s; in other words, y 2 is less than D. 

fhis proves that there is no greatest member in A\. For on 
assumption that there was a greatest member x, we have 
nd another number, y, which is greater than x and also 
mgs to Ai- (Note that the method of this proof is much 
that of Proposition 20 in Euclid’s Book IX: assuming 
: something is the case, we prove that it is not.) 
a exactly similar fashion, we can prove that A 2 has no 
t member. To prove this, let us again assume that there 
least member x. Form the quantity y as before, and also 
x. The fraction 


y — x 


2x(23 - x 2 ) 
3x 2 4 D 


’ is negative, for in the numerator D is smaller than x 2 , mak- 
the whole fraction negative. Consequently, y is less than x. 
'o show y is a member of A 2 , we must prove that y 2 is 
iter than D. Form again the expression y 2 — D. As before. 


y 2 — D = 


(x 2 - Dp 
(3x 2 4 Z3)2* 


s time, since x 2 is greater than D, the expression x 2 — 23 
ositive, and hence its cube is also positive. Therefore, the 
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entire expression y 2 — D is positive, which means that y 2 is 
greater than D, or y belongs to A 2 . . 

These two demonstrations together show that neither does 
A\ have a greatest member, nor does A 2 have a least member. 
Consequently, the cut (A 1 , A 2 ) is not made by any rational 
number. 

But if the cut (A ,, A 2 ) is not made by any rational number, 
then it must be made by another, new kind of number, since 
in all respects the cut is like the cut made by a rational num- 
ber, except for the property that A\ has no greatest, and A 2 
no least, member. This new type of number is called an irra- 
tional number. The word “irrational” is not meant to suggest 
anything unreasonable or strange about these numbers; it 
merely means that these numbers have no ratio to the num- 
ber 1 that can be expressed in whole numbers. 

What is Dedekind’s achievement? Irrational numbers had 
been known for a long time. Pythagoras allegedly discovered 
that the diagonal of a unit square is irrational, and Euclid’s 
Book X is an immense collection of propositions devoted to 
incommensurable lines (which are the geometric equivalent 
or irrational numbers). What was lacking in all the earlier dis- 
cussions of irrationals was a clear understanding of their na- 
ture. The early followers of Pythagoras were so puzzled by 
the character of irrationals that they thought there was some- 
thing mystical about them. And indeed, an irrational number 
is strange: No common measure can be found — no matter 
how small — for the unit (that is, the number 1) and the irra- 
tional number. For if there were a common measure, it would 
go a certain number of times into the so-called irrational num- 
ber, and another number of times into the unit. But this would 
make a rational fraction of the irrational. For let the irrational 
be called z. Then if there is some very small measure of both 
z and 1, it would go, say, 876 times into z, and 438 times into 
1. But in that case, z/1 = 876/438, and this, of course is a 
rational fraction. Hence there is no common measure — no 
matter how tiny — for the irrational and the unit. (This is why 
irrational numbers are also “incommensurable”; they are in- 
commensurable with the unit, since they have no measure in 
common with it.) 

All this, however, is not saying what irrational numbers are. 
It merely describes a property they have — that of not having 
a common measure with the unit. And this property leaves in 
doubt whether, fust, there are such things, and second, if there 
are, whether they arc properly called numbers. Dedekind’s 



160 BREAKTHROUGHS IN MATHEMATICS . 

cut, however, assures us on both counts. All numbers ar 
defined in terms of cuts ; that is, each number is defii 
making a unique division in the system of infinite nui 
Rational numbers and irrational numbers differ in jus 
respect: the presence or absence of a least or greatest m 
of the cut. 

This definition of numbers defines numbers in terms o 
other, and therefore does not really say “what a numb 
It defines a given number in the sense of distinguishing il 
all other numbers, and it does'so in ‘terms of a certain i 
ation — that of dividing the set of numbers. In the" iiext 
ter we shall encounter an attempt at really defining ni 
— that is, saying what it is. 



CHAPTER SIX 
Russell— The Definition of Number 


PART i 


Very often the simplest questions are the hardest to answer. 
This is due to the fact that simple questions, or at least ques- 
tions about simple things, often go to the very heart of a 
matter. The question “What is a number?” is that hind of 
question; it goes to the very heart of the science of arithmetic. 
Not many people dare ask such questions; fewer still know 
to answer them. Bertrand Russell, in the selection now before 
us, dares ask the question and then proceeds to answer it — 
in a manner that has stood the test of time. His answer is still 
accepted, and it reveals to us a great deal about the character 
of numbers. 


Bertrand Russell: 

Introduction to Mathematical Philosophy * 


Chapter 1 


THE SERIES OF NATURAL NUMBERS 

Mathematics is a study which, when wc start from its most 
familiar portions, may be pursued in either of two opposite 
I directions. The more familiar direction is constructive, towards 


> ;* to Mathematical Philosophy (London: George 
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philosophy simply and untochnicnlly, without enlarging upon 
those portions which arc so doubtful or difficult that an ele- 
mentary treatment is scarcely possible. A full treatment will 
be found in Prircipia Mathcmatica ;* the treatment in the pres- 
ent volume is intended merely as an introduction. 

To the average educated person of the present day, the 
obvious starting-point of mathematics would he the 'cries of 
whole numbers, 

1 , 2, 3, 4, . . . etc. 

Probably only a person with some mathematical knowledge 
would think of beginning with 0 instead of 1, but we will 
presume this degree of knowledge; we will take as our starting- 
point the series: 

0, 1, 2, 3, . . . n, n 4- 1, . . . 

and it is this series that v/c shall mean when v/c speak of the 
“series of natural numbers.'’ 

It is only at a high stage of civilisation that v/c could take 
this series as our starting-point. It must have required many 
ages to discover that a brace of pheasants and n couple of days 
were both instances of the number 2: the degree of attraction 
involved is far from easy. And the discovery that 1 is a number 
must have been difficult. As for 0. it is a very recent addition; 
the Greeks and Romans had no such digit. If we bad been 
embarking upon mathematical philosophy in earlier days, we 
should have had to start with something less abstract than the 
series of natural numbers, which we should reach as a stage on 
our backward journey. When the logical foundations of mathe- 
matics have grown more familiar, v/c shall be able u, -tart 
further back, at what is now a late stage in our analy-is. hr/. 
for the moment the natural numbers seem to rcprc<e.n! what r. 


easiest and most familiar in mathematics. 

But though familiar, they are not understood, 
people arc prepared with a definition of what is i 
“number,” or “0” or "1.” It is not very difficult to 
starting from 0, any other of the natural number 
reached by repeated additions of I, hut v'c snail ha 
fine what we mean by “adding 1.” and what we rr.es 
peated." These questions are by no means easy, ft v a 
until recently that some, at least, of these first net: or. 
metic must be accepted as too simple and prim;fr-e 
fined. Since all terms that arc defined arc defined To- 
other terms, it is clear that human knowledge must , 
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t to accept some terms as intelligible without definition, 
er to have a starting-point for its definitions. It is not 
hat there must be terms which are incapable of defim- 
t is possible that, however far back we go in defining, 
rays might go further still. On the other hand, it is also 
e that, when analysis has been pushed far enough, we 
ach terms that really are simple, and therefore logically 
ble of the sort of definition that consists in analysing. 
; a question which it is not necessary for us to decide; 
r purposes it is sufficient to observe that, since human 
s are finite, the definitions known to us must always be- 
mewhere, with terms undefined for the moment, though 
is not permanently. 

traditional pure mathematics, including analytical geom- 
may be regarded as consisting wholly of propositions 
the natural numbers. That is to say, the terms which 
can be defined by means of the natural numbers, and 
opositions can be deduced from the properties of the 
I numbers — with the addition, in each case, of the ideas 
ropositions of pure logic. 

t all traditional pure mathematics can be derived from 
tural numbers is a fairly recent discovery, though it had 
ieen suspected. Pythagoras, who believed that not ODly 
matics, but everything else could be deduced from num- 
vas the discoverer of the most serious obstacle in the 
f what is called the “arithmetising” of mathematics. 
Pythagoras who discovered the existence of incom- 
rables, and, in particular, the incommensurability of the 
a square and the diagonal. If the length of the side is 
the number of inches in the diagonal is the square root 
duch appeared not to be a number at all. The problem 
used was solved only in our own day, and was only 
completely by the help of the reduction of arithmetic to 
vhich will be explained in following chapters. For the 
, we shall take for granted the arithmetisation of mathe- 
though this was a feat of the very greatest importance, 
ng reduced all traditional pure mathematics to the 
of the natural numbers, the next step in logical analysis 
reduce this theory itself to the smallest set of premisses 
defined terms from which it could be derived. This work 
:omplished by Peano. He showed that the entire theory 
natural numbers could be derived from three primitive 
nd five primitive propositions in addition to those of 
jic. These three ideas and five propositions thus became, 
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as it were, hostages for the whole of traditional pure mathe- 
matics. If they could be defined and proved in terms of others, 
so could all pure mathematics. Their logical “weight,” if one 
may use such an expression, is equal to that of the whole scries 
of sciences that have been deduced from tiie theory of the nat- 
ural numbers; the truth of this whole series is assured if the 
truth of the five primitive propositions is guaranteed, provided, 
of course, that there is nothing erroneous in the purely logical 
apparatus which is also involved. The work of analysing mathe- 
matics is extraordinarily facilitated by this work of Peano's. 

The three primitive ideas in Pcano’s arithmetic are: 

0, number, successor. 

By “successor" he means the next number in the natural 
order. That is to say, the successor of 0 is I, the successor of 
1 is 2, and so on. By “number” he means, in this connection, 
the class of the natural numbers. 1 He is not assuming that 
we know all the members of this class, but only that we know 
what we mean when we say that this or that is a number, just 
as we know what we mean when we say “Jones is a man,” 
though we do not know all men individually. 

The five primitive propositions which Pcano assumes are: 

(1) 0 is a number. 

(2) The successor of any number is a number. 

(3) No two numbers have the same successor. 

(4) 0 is not the successor of any number. 

(5) Any property which belongs to 0, and also to the suc- 

cessor of every number which has the property, be- 
longs to all numbers. 

The last of these is the principle of mathematical induction. 
We shall have much to say concerning mathematical induction 
in the sequel; for the present, we arc concerned with it only 
as it occurs in Pcano's analysis of arithmetic. 

Let us consider briefly the kind of way in which the theory 
of the natural numbers results from these three ideas and five 
propositions. To begin with, we define 1 as “the successor of 
0,” 2 as “the successor of 1 and so on. We can obviously go 
on as long as we like with these definitions, since, in virtue of 
(2)', ever)’ number that we reach will have a successor, and, in 
virtue of (3), this cannot be any of the numbers already de- 
fined, because, if it were, two different numbers would hr.w 
the same successor; and in virtue of (4) none of the numbers 
we reach in the scries of successors can be 0. Thus er> 

1 We shall use “number" in this sense in the nu^enl c " ' 

wards the word toll be toed in a more general scn<c. 
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of successors gives us an endless series of continually new num- 
bers. In virtue of (5) all numbers come in this series, which 
begins with 0 and travels on through successive successors: 
for (a) 0 belongs to this series, and (6) if a number n belongs 
to it, so does its successor, whence, by mathematical induction, 
every member belongs to the series. 

Suppose we wish to define the sum of two numbers. Taking 
any number m, we define m+0 as nt, and m + (n-fl) as the 
successor of m+n. In virtue of (5) this gives a definition of 
the sum of m and n, whatever number n may be. Similarly 
we can define the product of any two numbers. The reader can 
easily convince himself that any ordinary elementary proposi- 
tion of arithmetic can be proved by means of our five premisses, 
and if he has any difficulty he can find the proof in Peano. 

It is time now to turn to the considerations which make it 
necessary to advance beyond the standpoint of Peano, who 
represents the last perfection of the “arithmetisation” of mathe- 
matics, to that of Frege, who first succeeded in “logicising” 
mathematics, i.e. in reducing to logic the arithmetical notions 
which his predecessors had shown to be sufficient for mathe- 
matics. We shall not, in this chapter, actually give Frege’s def- 
li inition of number and of particular numbers, but we shall give 
some of the reasons why Peano’s treatment is less final than 
it appears to be. 

In the first place, Peano’s three primitive ideas — namely, 
“0,” "number,” and “successor” — are capable of an infinite 
number of different interpretations, all of which will satisfy 
the five primitive propositions. We will give some examples. 

(1) Let “0” be taken to mean 100, and let “number” be 
taken to mean the numbers from 100 onward in the series of 
natural numbers. Then all our primitive propositions are sat- 
isfied, even the fourth, for, though 100 is the successor of 
99, 99 is not a “number” in the sense which we are now giving 
the word “number.” It is obvious that any number may be 
substituted for 100 in this example. 

(2) Let “0” have its usual meaning, but let “number” mean 
what we usually call “even numbers,” and let the “successor” of 
a number be what results from adding two to it. Then “1” will 
stand for the number two, “2” will stand for the number four, 
and so on; the series of “numbers” now will be. 

0, two, four, six, eight . . . 

All Peano's five premisses are satisfied still. 

(3) Let “0” mean the number one, let “number” mean 
the set 
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1, %, ¥ 4 , %, Me, . . . 

and let “'successor” mean “half.” Then all Peano’s five axiom: 
will be true of this set. 

It is clear that such examples might be multiplied indefi- 
nitely. In fact, given any series 

* 0 , «^ 2 1 -* 3 » • • • • • • 

which is endless, contains no repetitions, has a beginning, and 
has no terms that cannot be reached from the beg inn ing in a 
finite number of steps, we have a set of terms verifying Peano’s 
axioms. This is easily seen, though the formal proof is somf 
what long. Let “0” mean xo, let “number” mean the whole 

SCt n aad Iet 1116 “ successor ” of x n mean x n+1 . Then 

,®} s a number,” i.e. x 0 is a member of the set. 

. {2) The successor of any number is a number,” ie tak- 
‘® nn Xn ln the set > is also in the set. 

No two numbers have the same successor,” ie if r 
and are two different members of the set x m , and x 

2 results from the fee, fta t(by taSUg? 

there are no repetitions in the set. 7 flypoti3esis ' 

fteT KS ° r ° f ^ nUmber ” ,eim 

A scries of the form ? ' R °“ mg P ro P“rty for numbers. 


Xtmf *» <« «« 

of mathematics As we ha lm P or hmce in the princi- 

Ws See tC'Tr S”’ ev 7 «PP 

that every series which verifies ^ Proved, conversely, 
Fessmn. Hence these JS^ 08 ? 6 «&*» « a pr£ 
class of progressions- may be 1136(1 to define the 

"rfy these 6,e KionK^v T “? ‘ ,tllose wbS 
^ tots of pure rna t hem^s : P f°f r ^ ss,on . ma y talen a“ 

. ^ rst ,errn > the name “m,mK ^ ve name “0” 
oT^" "■= ”™e Cces”? f <*»= >k* set of fo 
The progression needSTu t0 1116 next * the proief 

Si ““"posed of pS ? 0t be imposed of number ? t 
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possible interpretations -will be equally true. 

In Peano’s system there is nothing to enable us to distinguisl 
between these different interpretations of his primitive ideas 
It is assumed that we know what is meant by “0,” and tha 
we shall not suppose that this symbol means 100 or Cleopatra' 
Needle or any of the other things that it might mean. 

This point, that “0" and “number” and “successor” canno 
be defined by means of Peano’s five axioms, but must be in 
dependently understood, is important. We want our number 
not merely to verify mathematical formula, but to apply ii 
the right way to common objects. We want to have ten fingeri 
and two eyes and one nose. A system in which “1” meant 100 
and “2” meant 101, and so on, might be all right for puri 
mathematics, but would not suit daily life. We want “0” anc 
“number” and “successor” to have meanings which will giv< 
us the right allowance of fingers and eyes and noses. We hav< 
already some knowledge (though not sufficiently articulate oi 
analytic) of what we mean by "1 ” and “2” and so on, and our us< 
of numbers in arithmetic must conform to this knowledge. W< 
\ cannot secure that this shall be the case by Peano’s method; al 
y that we can do if we adopt his method, is to say “we know wha 
we mean by ’0’ and ’number’ and ‘successor,’ though we canno 
explain what we mean in terms of other simpler concepts.” Ii 
is quite legitimate to say this when we must, and at some poinl 
we all must; but it is the object of mathematical philosophy tc 
put off saying it as long as possible. By the logical theory o! 
arithmetic we are able to put it off for a very long time. 

It might be suggested that, instead of setting up “0” and 
“number” and “successor” as terms of which we know the 
meaning although we cannot define them, we might let them 
stand for any three terms that verify Peano’s five axioms. They 
will then no longer be terms which have a meaning that is defi- 
nite though undefined: they will be “variables,” terms con- 
cerning which we make certain hypotheses, namely, those 
stated in the five axioms, but which are otherwise undeter- 
mined. If we adopt this plan, our theorems will not be proved 
concerning an ascertained set of terms called “the natural 
numbers,” but concerning all sets of terms having certain prop- 
erties. Such a procedure is not fallacious; indeed for certain 
purposes it represents a valuable generalisation. But from two 
points of view it fails to give an adequate basis for arithmetic. 
In the first place, it does not enable us to know whether there 
are any sets of terms verifyjng Peano’s axioms; it does not 
even give the faintest suggestion of any way of discovering 
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whether there are such sets. In the second place, as already 
observed, we want our numbers to be such as can be used for 
counting common objects, and this requires that our numbers 
should have a definite meaning, not merely that they should 
have certain formal properties. This definite meaning is defined 
by the logical theory of arithmetic. 


Chapter II 

DEFINITION OF NUMBER 

The question “What is a number?” is one which has been 
often asked, but has only been correctly answered in our own 
time. The answer was given by Frege in 1884, in his Gnmd- 
iagen der Arithmetic* Although this book is quite short, not 
difficult, and of the very highest importance, it attracted almost 
no attention, and the definition of number which it contains 
remained practically unknown until it was rediscovered by the 
present author in 1901. 

In seeking a definition of number, the first thing to be clear 
about is what we may call the grammar of our inquiry. Many 
philosophers, when attempting to define number, are really 
setting to work to define plurality, which is quite a different 
thing. Number is what is characteristic of numbers, as man 
is what is characteristic of men. A plurality is not an instance 
of number, but of some particular number. A trio of men, 
for example, is an instance of the number 3, and the number 
3 is an instance of number; but the trio is not an instance of 
number. This point may seem elementary and scarcely worth 
mentioning; yet it has proved too subtle for the philosophers, 
with few exceptions. 

A particular number is not identical with any collection of 
terms having that number: the number 3 is not identical with 
the trio consisting of Brown, Jones, and Robinson. The number 
3 is something which all trios have in common, and which dis- 
tinguishes them from other collections. A number is some- 
thing that characterises certain collections, nameiv. these ----- 
have that number. 


. P 16 I 3 ® 5 ans T cr is P' ven “ore (vZ? szi : 
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Instead of speaking of a “collection,” we shall as a rule speak 
of a “class,” or sometimes a “set.” Other words used in mathe- 
matics for the same thing are “aggregate” and “manifold.” 
We shall have much to say later on about classes. For the 
present, we will say as little as possible. But there are some 
remarks that must be made immediately. 

A class or collection may be defined in two ways that at first 
sight seem quite distinct. We may enumerate its members, as 
when we say, “The collection I mean is Brown, Jones, and 
Robinson.” Or we may mention a defining property, as when 
we speak of “mankind” or “the inhabitants of London.” The 
definition which enumerates is called a definition by “exten- 
sion,” and the one which mentions a defining property is called 
a definition by “intension.” Of these two kinds of definition, 
the one by intension is logically more fundamental. This is 
shown by two considerations: (1) that the extensional defini- 
tion can always be reduced to an intensional one; (2) that the 
intensional one often cannot even theoretically be reduced to 
the extensional one. Each of these points needs a word of 
\ explanation. 

(1) Brown, Jones and Robinson all of them possess a cer- 
tain property which is possessed by nothing else in the whole 
universe, namely, the property of being either Brown or Jones 
or Robinson. This property can be used to give a definition by 
intension of the class consisting of Brown and Jones and Rob- 
inson. Consider such a formula as "x is Brown or .r is Jones 
or x is Robinson.” This formula will be true for just three x's, 
namely, Brown and Jones and Robinson. In this respect it re- 
sembles a cubic equation with its three roots. It may be taken 
as assigning a property common to the members of the class 
consisting of these three men, and peculiar to them. A similar 
treatment can obviously be applied to any other class given 
in extension. 

(2) It is obvious that in practice we can often know a great 
deal about a class without being able to enumerate its mem- 
bers. No one man could actually enumerate all men, or even 
all the inhabitants of London, yet a great deal is known about 
each of these classes. This is enough to show that definition by 
extension is not necessary to knowledge about a class. But when 
we come to consider infinite classes, we find that enumeration 
is not even theoretically possible for beings who only live for 
a finite time. We cannot enumerate all the natural numbers: 
they are 0, 1, 2, 3, and so on. At some point we must content 
ourselves with “and so on.” We cannot enumerate all fractions 
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or all irrational numbers, or all of any 

Thus our knowledge in regard to all such collect 

be derived from a definition by intension. 

These remarks are relevant, when we are &e ce. 

nition of number, in three different ways, In the fot re- 
numbers themselves form an infinite collection. 
therefore be defined by enumeration. In the second place, tuft 
collections having a given number of terms themselves pre- 
sumably form an infinite collection: it is to be presumed, tor 
cx ample, that there are an infinite collection of trios m tee 
world, for if this were not the case the total number of things in 
the world would be finite, which, though possible. . seems un- 
likely. In the third place, we wish to define “number" in such a 
y that infinite numbers may be possible; thus we must be 
le to speak of the number of terms in an infinite collection. 

J such a collection must be defined by intension, i.e. by a 
iperty common to all its members and peculiar to them. 

For many purposes, a class and a defining characteristic or 
ire practically interchangeable. The vital difference between 
: two consists in the fact that there is only one class having a 
■en set of members, whereas there are always many different 
aracteristics by which a given class may be defined. Men 
ly be defined as featherless bipeds, or as rational animals, 
(more correctly) by the traits by which Swift delineates the 
shoos. It is this fact that a defining characteristic is never 
liquc which makes classes useful; otherwise we could be 
intent with the properties common and peculiar to their mem- 
srs.* Any one of these properties can be used in place of 
ic class whenever uniqueness is not important. 

Returning now to the definition of number, it is clear that 
umber is a way of bringing together certain collections, 
amcly, those that have a given number of terms. We can 
uppose all couples in one bundle, all trios in another, 

. so on - | n this wa y we obtain various bundles of collec- 
>ons each bundle consisting of all the collections that have 
‘32? numb " of ^rms. Each bundle is a class whose 
ie - c!as ses; thus each is a class of 
'' a c W ch? C T Sting of ali C0U P ! ^ for example, 

and th c whole SdR ^ With . two raembers > 

number of mnmK . couples is a class with an infin ite 
0t “ mb " s ’ “ ch <* is a class of two members, 

OMulMiultf oufoTdtrming r be w 2r ? :d 35 ins'cc fictions, 

„ wftlon i. wo . 
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How shall we decide whether two collections are to beloo 

> the same bundle? The answer that suggests itself is: “Fin 
ut how many members each has, and put them in the sarc 
undle if they have the same number of members.” But th 
resupposes that we have defined numbers, and that we kno 
ow to discover how many terms a collection has. We are s 
sed to the operation of counting that such a presuppositic 
light easily pass unnoticed. In fact, however, counting, thoug 
amiliar, is logically a very complex operation; moreover 

> only available, as a means of discovering how many tern 
collection has, when the collection is finite. Our definition < 

[Umber must not assume in advance that all numbers ai 
inite; and we cannot in any case, without a vicious circle, u: 
:ounting to define numbers, because numbers are used i 
:ounting. We need, therefore, some other method of decidic 
vhen two collections have the same number of terms. 

In actual fact, it is simpler logically to find out whether tw 
:olIections have the same number of terms than it is to defin 
vhat that number is. An illustration will make this clear. 3 
here were no polygamy or polyandry anywhere in the work 
t is clear that the number of husbands living at any momer 
vould be exactly the same as the number of wives. We d 
rot need a census to assure use of this, nor do we need t 
enow what is the actual number of husbands and of wive: 
•Ve know the number must be the same in both collection: 
>ecause each husband has one wife and each wife has on 
tusband. The relation of husband and wife is what is callc 
'one-one.” 

A relation is said to be “one-one” when, if x has the relatio 
n question to y, no other term xd has the same relation to } 
nd x does not have the same relation to any term y' othe 
ban y. When only the first of these two conditions is fulfillec 
he relation is called “one-many”; when only the second is ful 
died, it is called “many-one.” It should be observed that th 
lumber 1 is not used in these definitions. 

In Christian countries, the relation of husband, to wife is 
me-one; in Mohammedan countries it is one-many; in Tibet it 
s many-one. The relation of father to son is one-many; that 
f son to father is many-one, but that of eldest son to father 

> one-one. If n is any number, the relation of n to n + 1 is 
ne-one; so is the relation of n to 2 n or to 3 n. When we are 
onsidering only positive numbers, the relation of n to n 2 is 
ne-one; but when negative numbers are admitted, it becomes 
rvo-one, since n and — n have the same square. These in- 
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stances should suffice to make clear the notions of one-one, 
one-many, and many-one relations, which play a great part 
in the principles of mathematics, not only in relation to the 
definition of numbers, but in many other connections. 

Two classes arc said to be “similar” when there is a one-one 
relation which correlates the terms of the one class each with 
one term of the other class, in the same manner in which the 
relation of marriage correlates husbands with wives. A few 
preliminary definitions will help us to state this definition more 
precisely. The class of those terms that have a given relation 
to something or other is called the domain of that relation: 
thus fathers are the domain of the relation of father to child, 
husbands arc the domain of the relation of husband to wife, 
wives arc the domain of the relation of wife to husband, and 
husbands and wives together are the domain of the relation of 
marriage. The relation of wife to husband is called the converse 
of the relation of husband to wife. Similarly less is the converse 
of greater, later is the converse of earlier, and so on. Generally, 
the converse of a given relation is that relation which holds 
between y and x whenever the given relation holds between 
x and y. The converse domain of a relation is the domain of 
its converse: thus the class of wives is the converse domain 
of the relation of husband to wife. We may now state our 
definition of similarity as follows: — 

One class is said to be "similar" to another when there is a 
one-one relation of which the one class is the domain, while 
the other is the converse domain. 

It is easy to prove ( 1 ) that every class is similar to itself, (2) 
that if a class a is similar to a class f3, then [3 is similar to a, (3) 
that if a is similar to f3 and ft to y, then o is similar to y. A 
relation is said to be reflexive when it possesses the first of these 
properties, symmetrical when it possesses the second, and tran- 
sitive when it possesses the third. It is obvious that a relation 
which is symmetrical and transitive must be reflexive through- 
out its domain. Relations which possess these properties arc an 
important fund, and it is worth while to note that similarity is 
one of this kind of relations. 

It is obvious to common sense that two finite classes have 
the same number of terms if they are similar, but not other- 
wise. The act of counting consists in establishing a one-one 
correlation between the set of objects counted and the natural 
numbers (excluding 0) that arc used up in the process. Acer 
ingly common sense concludes that there arc as many o! 
in ihc set to be counted as there are numbers up to th , 
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number used in the counting. And we also know that, so long 
as we confine ourselves to finite numbers, there are just n num- 
bers from 1 up to n. Hence it follows that the last number used 
in counting a collection is the number of terms in the collec- 
tion, provided the collection is finite. But this result, besides 
being only applicable to finite collections, depends upon and 
assumes the fact that two classes which are similar have the 
same number of terms; for what we do when we count (say) 
10 objects is to show that the set of these objects is similar to 
the set of numbers 1 to 10. The notion of similarity is logically 
presupposed in the operation of counting, and is logically sim- 
pler though less familiar. In counting, it is necessary to take 
the objects counted in a certain order, at first, second, third, 
etc., but order is not of the essence of number: it is an irrele- 
vant addition, an unnecessary complication from the logical 
point of view. The notion of similarity does not demand an 
order: for example, we saw that the number of husbands is 
the same as the number of wives, without having to establish 
an order of precedence among them. The notion of similarity 
also does not require that the classes which are similar should 
be finite. Take, for example, the natural numbers (excluding 
0) on the one hand, and the fractions which have 1 for their 
numerator on the other hand: it is obvious that we can cor- 
relate 2 with Vi , 3 with Vi , and so on, thus proving that the two 
classes are similar. 

We may thus use the notion of “similarity” to decide when 
two collections are to belong to the same bundle, in the sense 
in which we were asking this question earlier in this chapter. 
We want to make one bundle containing the class that has no 
members: this will be for the number 0. Then we want a bundle 
of all the classes that have one member: this will be for the 
number 1. Then, for the number 2, we want a bundle consist- 
ing of all couples; then one of all trios; and so on. Given any 
collection, we can define the bundle it is to belong to as being 
the class of all those collections that are “similar” to it. It is 
very easy to see that if (for example) a collection has three 
members, the class of all those collections that are similar to it 
will be the class of trios. And whatever number of terms a col- 
lection may have, those collections that are “similar” to it will 
have the same number of terms. We may take this as a defini- 
tion of “having the same number of terms.” It is obvious that 
it gives results conformable to usage so long as we confine 
ourselves to finite collections. 

So far we have not suggested anything in the slightest degree 
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paradoxical. But when we come to the actual definition of 
numbers we cannot avoid what must :it first sight seem a para- 
dox, though this impression will soon wear ofT. We naturally 
think that the class of couples (for example) is something dif- 
ferent from the number 2. But there is no doubt about the class 
of couples: it is indubitable and not difficult to define, whereas 
the number 2, in any other sense, is a metaphysical entity about 
which we can never feel that it exists or that we have tracked 
it down, ft is therefore more prudent to content ourselves with 
the class of couples, which sve arc sure of, than to hunt for a 
problematical number 2 which must always remain elusive. 
Accordingly we set up the following definition: — 

The number of a class is the class of all those classes that are 
similar to it. 

Thus the number of a couple will be the class of all couples. 
In fact, the class of all couples will he the number 2, according 
to our definition. At the expense of a little oddity, this definition 
secures definiteness and indubitnblcncss; and it is not difficult 
to prove that numbers so defined have aJJ the properties that 
we expect numbers to have. 

We may now go on to define numbers in general as any one 
of the bundles into which similarity collects classes, A number 
will be a set of classes such as that any two arc similar to each 
other, and none outside the set arc similar to any inside the set. 
In other words, a number (in general) is any collection which 
is the number of < 
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for infinite collections. But first we must decide what we mean 
hy “finite" and “infinite,” which cannot be done within the 
limits of the present chapter. 


Chapter III 

FINITUDE AND MATHEMATICAL INDUCTION 

The series of natural numbers, as we saw in Chapter I., can 
all be defined if we know what we mean by the three terms “0,” 
"number,” and “successor.” But we may go a step farther: 
we can define all the natural numbers if we know what we 
mean by “0” and “successor.” It will help us to understand the 
difference between finite and infinite to see how this can be 
done, and why the method by which it is done cannot be ex- 
tended beyond the finite. We will not yet consider how “0” and 
■ “successor” are to be defined: we will for the moment assume 
v that we know what these terms mean, and show how thence all 
;;J other natural numbers can be obtained. 

It is easy to see that we can reach any assigned number, say 
30,000. We first define "1” as “the successor of “0,” then we 
define “2” as “the successor of 1,” and so on. In the case of 
an assigned number, such as 30,000, the proof that we can 
reach it by proceeding step by step in this fashion may be 
made, if we have the patience, by actual experiment: we can 
go on until we actually arrive at 30,000. But although the 
method of experiment is available for each particular natural 
number, it is not available for proving the general proposition 
that all such numbers can be reached in this way, i.e. by pro- 
ceeding from 0 step by step from each number to its succes- 
sor. Is there any other way by which this can be proved? 

Let us consider the question the other way around. What are 
the numbers that can be reached, given the terms “0” and 
“successor”? Is there any way by which we can define the 
whole class of such numbers? We reach 1, as the successor of 
0; 2, as the successor of 1; 3, as the successor of 2; and so on. 
It is this “and so on” that we wish to replace by something less 
vague and indefinite. We might be tempted to say that “and 
so on” means that the process of proceeding to the successor 
may be repeated any finite number of times; but the problem 
upon which we are engaged is the problem of defining “finite 
number,” and therefore we must not use this notion in our defi- 



THE DEFINITION OF NUMBER 


177 


nition. Our definition must not assume that we know what a 
finite number is, 

The key to our problem lies in mathematical induction. It 
will be remembered that, in Chapter I., this was the fifth of the 
five primitive propositions which we laid down about the nat- 
ural numbers. It stated that any property which belongs to 0, 
and to the successor of any number which has the property, 
belongs to all the natural numbers. This was then presented as 
a principle, but we shall now adopt it as a definition. It is not 
difficult to sec that the terms obeying it arc the same as the 
numbers that can be reached from 0 by successive steps from 
next to next, but as the point is important we will set forth the 
matter in some detail. 

We shall do well to begin with some definitions, which will 
be useful in other connections also. 

A property is said to be “hereditary" in the natural-number 
series if, whenever it belongs to a number n, it also belongs to 
n+ 1, the successor of Similarly a class is said to be “heredi- 
tary” if, whenever n is a member of the class, so is n + 1. It is 
easy to sec, though we arc not yet supposed to know, that to 
say a property is hereditary is equivalent to saying that it be- 
longs to all the natural numbers not less than some one of 
them, e.g. it must belong to all that are not less than 100, or 
all that are not less than 1000, or it may be that it belongs to 
all that are not less than 0, i.e. to all without exception. 

A property is said to be “inductive” when it is a hereditary' 
property which belongs to 0. Similarly a class is "inductive” 
when it is a hereditary class of which 0 is a member. 

Given a hereditary class of which 0 is a member, it follows 
that 1 is a member of it, because a hereditary class contains the 
successors of its members, and 1 is the successor of 0. Similarly, 
given a hereditary' class of which 1 is a member, it follows that 
2 is a member of it; and so on. Thus we can prove by a step- 
by-step procedure that any assigned natural number, say 
30,000, is a member of every inductive class. 

We will define the “posterity” of a given natural number 
with respect to the relation "immediate predecessor” (vki‘l> 
is the converse of “successor") as all those terms that K'A*"-*" ; 

to every hereditary class to which the given number bclcr.^J' 
is again easy to sec that the posterity of a natural, is 
sists of itself and all greater natural number/ ~ ' 
do not yet officially know. f ni- 

By the above definitions, the posterity c- 
tho^c terms which belong to every inductive- 
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It is now not difficult to make it obvious that the posterity o 
0 is the same set as those terms that can be reached from 0 b; 
successive steps from next to next. For, in the first place, I 
belongs to both these sets (in the sense in which we have dc 
fined our terms) ; in the second place, if n belongs to both sets 
so does n + 1. It is to be observed that we are dealing here wit! 
the kind of matter that does not admit of precise proof, namel) 
the comparison of a relatively vague idea with a relatively pre 
cise one. The notion- of “those terms that can be reached fron 
0 by successive steps from next to next” is vague, though i 
seems as if it conveyed a definite meaning; on the other hand 
“the posterity of 0” is precise and explicit just where the othe 
idea is hazy. It may be taken as giving what we meant to meai 
when we spoke of the terms that can be reached from 0 b; 
successive steps. 

We now lay down the following definition; — 

The " natural numbers” are the posterity of 0 with respec 
to the relation “immediate predecessor ” (which is the converst 
of “successor"). 

We have thus arrived at a definition of one of Peano’s three 
primitive ideas in terms of the other two. As a result of this 
definition, two of his primitive propositions — namely, the one 
asserting that 0 is a number and the one asserting mathematical 
induction — become unnecessary, since they result from the 
definition. The one asserting that the successor of a natural 
number is a natural number is only needed in the weakened 
form “every natural number has a successor." 

We can, of course, easily define “0” and “successor” by 
means of the definition of number in general which we arrived 
at in Chapter II. The number 0 is the number of terms in a 
class which has no members, i.e. in the class which is called the 
“null-class.” By the general definition of number, the number 
of terms in the null-class is the set of all classes similar to the 
null-class, i.e. (as is easily proved) the set consisting of the 
null-class all alone, i.e. the class whose only member is the 
null-class. (This is not identical with the null-class; it has one 
member, namely, the null-class, whereas the null-class itself 
has no members. A class which has one member is never iden- 
tical with that one member, as we shall explain when we come 
to die theory of classes.) Thus we have the following purely 
logical definition: — 0 is the class whose only member is the 
null-class. 

It remains to define “successor.” Given any number n, let 
a be a class which has n members, and let * be a term which 
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is not a member of c. Then the class consisting of c with x 
added on will have n 4-1 members. Thus we have the follow- 
ing definition: — 

The successor of the number of terms ir. the class c is the 
number of terms in the class consisting of c together with x, 
where x is any term not belonging to the class. 

Certain niceties arc required to make this definition perfect, 
but they need not concern us.* It will be remembered that we 
have already given (in Chapter II) a logical definition of the 
number of terms in a class, namely, we defined it as the set of 
all classes that are similar to the given class. 

We have thus reduced Peano’s three primitive ideas to ideas 
of logic: we have given definitions of them which make them 
definite, no longer capable of an infinity of different meanings, 
as they were when they w*ere only determinate to the extent of 
obeying Peano’s five axioms. We have removed them from the 
fundamental apparatus of terms that must be merely appre- 
hended, and have thus increased the deductive articulation of 
mathematics. 

As regards the five primitive propositions, we have already 
succeeded in making two of them demonstrable by our defini- 
tion of “natural number.” How stands it with the remaining 
three? It is very easy to prove that 0 is not the successor of any 
number, and that the successor of any number is a number. But 
there is a difficulty about the remaining primitive proposition, 
namely, “no two numbers have the same successor.” The diffi- 
culty docs not arise unless the total number of individuals in 
the universe is finite; for given two numbers m and n, neither of 
which is the total number of individuals in the universe, it is 
easy to prove that we cannot have m-f 1 — «* fl unless we have 
m—n. But let us suppose that the total number of individuals 
in the universe were (say) 10; then there would be no class of 
11 individuals, and the number 11 would be the null-class. So 
would the number 12. Thus wc should have 11=12; therefore 
the successor of 10 would be the same as the successor of 1 1, 
although 10 would not be the same as 1 1 . Thus wc should have 
two different numbers with the same successor. This failure of 
the third axiom cannot arise, how-cvcr, if the number of indi- 
viduals in the world is not finite. Wc shall return to this topic 
at a later stage. ""'N. 

Assuming that the number of individuals in the v 
nol finite, wc have now* succeeded not only in defini ... 
three primitive ideas, but in seeing how to prove his 

* Sec Principle Sic! he mat Ice, vol. ii. • 110. 
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tive propositions, by means of primitive ideas and propositii 
belonging to logic. It follows that, all pure mathematics, in 
far as it is deduciblc from the theory of the natural numbt 
is only a prolongation of logic. The extension of this result 
those modem branches of mathematics which are not ded 
jble from the theory of the natural numbers offers no difficij 
of principle, as we have shown elsewhere.* 

The process of mathematical induction, by means of wh 
we defined the natural numbers, is capable of generalisatii 
We defined the natural numbers as the “posterity” of 0 w 
respect to the relation of a number to its immediate success 
If we call this relation N, any number m will have this rclati 
to m+ 1. A property is “hereditary with respect to N,” 
simply “N-hereditary,” if, whenever the property belongs t< 
number m, it also belongs to m + 1 , i.e. to the number to whi 
in has the relation N. And a number n will be said to belong 
the “posterity” of m with respect to the relation N if n 1 
every N-hcreditary property belonging to m. These definitic 
can all be applied to any other relation just as well as to 
Thus if R is any relation whatever, we can lay down the f 
lowing definitions:! 

A property is called “R-hcreditary” when, if it belongs 
a term x, and x has the relation R to y, then it belongs to ) 

A class is R-hereditary when its defining property is 
hereditary. 

A term x is said to be an “R-anccstor” of the term y if y h 
every R-hercditary property that * has, provided x is a tei 
which has the relation R to something or to which someth! 
has the relation R. (This is only to exclude trivial cases.) 

The “R-posterity” of x is all the terms of which x is an ! 
ancestor. 

We have framed the above definitions so that if a term is t 
ancestor of anything it is its own ancestor and belongs to 
own posterity. This is merely for convenience. 

It will be observed that if we take for R the relation “parcnl 
“ancestor” and “posterity" will have the usual meanings, e 
ccpt that a person will be included among his own anccstc 
and posterity. It is, of course, obvious at once that “anccsto 


* For geometry, in so far as it is not purely analytical, see Princip 
°f Mathematics, part vi.; for rational dynamics, ibid, part vii. 

T These definitions, and the generalised theory of induction, arc d 
to Frege, and were published so long ago as 1879 in his Begrif/ssclm 
In spite of the great value of this work, I was, I believe, the first pets 
who ever read it — more than twenty years after its publication. 
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must bo capable of definition in terms of “parent,” but unti 
Frege developed his generalised theory of induction, no one 
could have defined “ancestor” precisely in terms of “parent.’ 
A brief consideration of this point will serve to show the im- 
portance of the theory, A person confronted for the first time 
with the problem of defining “ancestor” in terms of “parent” 
would naturally say that A is an ancestor of Z if, between A 
and Z, there are a certain number of people, B, C, . . . , of whom 
B is a child of A, each is a parent of the next, until the last, who 
is a parent of Z. But this definition is not adequate unless we 
add that the number of intermediate terms is to be finite. Take, 
for example, such a series as the following: — 

-1, -14, -i/s, . . . i/ 8 , 'A, i/ 2 , 1, 

Here we have. first a series of negative fractions with no end, 
and then a series of positive fractions with no beginning. Shall 
we say that, in this series, - Va is an ancestor of Vs? It will be 

h°xSn SS 8 t0 the b ^' Mer ’ s defmition suggested above, but 
inl nf ‘, bC s< ? accorduj S to any definition which will give the 

<entS S S? ^ r Sh define ' For this P ^!e, it is 
But ^ ‘ ..cT b£ - r ° f Intermed ™ should be finite. 

SSfcS ndntTn’n “ ‘° be defined b y means of mathe- 

C f 3 t ' S S 'T ,er t0 define the ance stral rela- 
IfVto i 17 t0 ?l ne if on, y ‘he case of 

Here, as constantly elsewbpt 11 t5encxtend !t to other cases, 
it may require more S.lf’ ,ty from the &st > though 
long mn ?o economist ' ZulS ^ ^ be found “ the 

. Tta use of SSSfflSS? 6 l0giC31 P0Wer ' 
m w tb * Past, something of a myste^^ demons J ation s was, 
? b!e doubt that it was a valirfS V a V Seemed no reason- 

»'hy i. m S °V wo1 ’ bm 

of induction, in theTnJ° \- l‘ eved lf to be really a case 
Poincare* considered it to he^^ word Used in logic, 
twee, by means of which an ml t" ncI P I ® the almost impor- 

are mistaken, and that m I\, W . ow hu°w that all such 
canb" "V prblci Ple- There are £ ™ at,CaJ eduction is a defi- 
Vmf.y l , e . d ’ and there are others DU ™ bers fo which it 

10 w hich proofs b^ Z\u fine fte “natural 
It foilo-^w’ '• e , as thosa that possess Thinr! madCal inducti on 
no S S P f°° fs Ca * be pplSTo r ve PrOPertieS - 
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principle, but as a purely verbal proposition. If “quadrupeds 
are defined as animals having four legs, it will follow that an 
mals that have four legs are quadrupeds; and the case of nun 
bers that obey mathematical induction is exactly similar. 

We shall use the phrase “inductive numbers” to mean tt 
same set as we have hitherto spoken of as the “natural mm 
bers." The phrase “inductive numbers” is preferable as afforc 
ing a reminder that the definition of this set of numbers 
obtained from mathematical induction. 

Mathematical induction affords, more than anything els< 
the essential characteristic by which the finite is distinguishe 
from the i nfin ite. The principle of mathematical inductio 
might be stated popularly in some such form as “what can b 
inferred from next to next can be inferred from first to last 
This is true when the number of intermediate steps betwee 
first and last is finite, not otherwise. Anyone who has eve 
watched a goods train beginning to move will have noticed ho\ 
the impulse is communicated with a jerk from each truck t 
the next, until at last even the hindmost truck is in motior 
When the train is very long, it is a very long time before the las 
„■ truck moves. If the train were infinitely long, there would b 
an infinite succession of jerks, and the time would never coni' 
when the whole train would be in motion. Nevertheless, i 
there were a series of trucks no longer than the series of indue 
five numbers (which, as we shall see, is an instance of th< 
smallest of infinites) , every truck would begin to move soonei 
or later if the engine persevered, though there would always bf 
other trucks further back which had not yet begun to move 
This image will help to elucidate the argument from next tc 
next, and its connection with finitude. When we came to in- 
finite numbers, where arguments from mathematical inductior 
will be no longer valid, the properties of such numbers will 
help to make clear, by contrast, the almost unconscious use 
that is made of mathematical induction where finite numbers 
are concerned. 


PART II 


In (he previous chapter we saw how the system of “natural 
numbers” is gradually enlarged, for the sake of making the 
various arithmetical operations possible under all conditions, 
thus there are added to it, first, the negative whole numbers, 
and then, the fractions resulting from division. The resulting 
system of positive and negative integers together with fractions 
is called the system of rational numbers. Dedekind then showed 
that each rational number can be defined as a certain cut in 
this system; furthermore, he showed that there exists an in- 
finite number of cuts in the rational number system not made 
by rational numbers. These cuts, therefore, are made by a 
different type of number, called irrational. The system of ra- 
tional and irrational numbers together contains all the real 
numbers. 

This entire development of the number system begins with 
the concept of natural number. It is entirely appropriate, 
therefore, that we should take up in this chapter the question, 
What is a natural number? For an answer we turn to Bertrand 


Russell’s Introduction to Mathematical Philosophy. 

This book, which appeared in 1919, was written while the 
author was in prison. In a way this fact is symbolic of much of 
Russell’s life: his main interests are mathematics, philosophy, 
and a social doctrine directed toward liberty and peace. Be- 
cause of his social and political views, Russell has been trou- 
bling, and been troubled by, governments and authorities all 
his life. In 1918, when he was forty-six years of age, his pacifist 
views brought about his imprisonment; in 1962, at the age of 
ninety, he was imprisoned again, because of civil disobedience 
nhile advocating nuclear disarmament Controversy has sur- 
rounded Russell all his life, and he has seemed to thrive on it. 

Bertrand Russell (he became Earl Russell in 1931) was 
horn in 1S72. He studied at Cambridge and soon became in- 
vested in philosophy. His gift for mathematics caused him 
to study for a while with the Italian mathematician Gimecre 
eano m Paris (whom he mentions in our excerrt fr — 
Introduction to Mathematical Philosophy). Peano's w~> w 
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Russell to investigate the logical foundations of mathematic 
together with Alfred North Whitehead (1861-1947). T< 
gether they produced the monumental Principia Mathematic 
whose three volumes appeared in 1910, 1912, and 1913., 

Russell's output of books has been prodigious. In The Ph 
losophy of Bertrand Russell (ed. Paul A. Schilpp, third editio: 
New York, 1951: Tudor Publishing Co.), the bibliography < 
his writings takes fifty-six pages, and he has been by no meai 
idle since then. In philosophy his main interest has been tl 
theory of knowledge; some of his major works in this fie' 
are Our Knowledge of the External World; The Analysis < 
Mind; The Analysis of Matter; An Inquiry into the Meanir 
of Truth; Human Knowledge: Its Scope and Limits. He hi 
also written a history of philosophy. He is the author of mar 
other books on logic and mathematics besides the ones v 
have mentioned, as well as of scores of articles. In the fiel 
of social theory he has written innumerable articles, essay 
and pamphlets, as well as books. In 1950 he was awarded th 
Nobel Prize for Literature. 

Let us begin our study of the Introduction to Mathematici 
Philosophy by examining Chapter 2, because this is wher 
Russell discusses the concept of number. 

We start by looking back at Euclid’s simple way of dealin 
with these matters, “A unit,” he says, “is that in virtue of whic’ 
each of the things that exist is called one.” Number, then, i 
very straightforwardly defined as “a multitude composed o 
units.” Is anything wrong with these definitions? We migb 
feel just a little uncomfortable with this definition of “unit 
It hardly seems very practical; there is an air of the obscur 
mid metaphysical about it. This is not to say that the definitioi 
is false — definitions are never false as long as they are inter 
nally consistent. But this definition may be more suitable fo 
the man who discusses metaphysical problems of the onenes 
or manyness of things than the mathematician who is onl; 
concerned to perform operations with numbers. The objectioi 
then, to Euclid’s definition of "unit” would be that it appear 
to sufFer from inutility. 

The objection to his definition of “number” would be tha 
while it may be correct, it nevertheless is unilluminating. Wha 
does it mean to call a number a multitude of units except tha 
a number consists of a number of units? Obviously the num 
bcr 5 is a multitude consisting of 5 units. But can we say mor< 
precisely what the number 5 is, and then, what number ii 
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concept of number in ge ne ral. nura ber, such as 3> is 

First, Russell notes that a Pf* 1 sets s consisting of 

not identical with all those ^f^ ^ething which all sets 
3 members. Rather, the ble 
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sets consisting of two members. Put all these sets into one 
“bundle." Then collect all the sets consisting of three mem- 
bers, and put them into another bundle. Do this for all sets, so 
that we end up with an (infinite) number of bundles, where 
each bundle contains all tie sets with a given number of mem- 
bers. Each bundle will, of course, contain an infinite number 
of sets. Then we will try to define the number 2 in terms of 
the "bundle” containing all the sets of two members, the num- 
ber 3 in terms of all the sets of three members, and so on. 

An immediate difficulty presents itself. In advance of hav- 
ing defined “2,” how can we know whether a given set belongs 
bundle” of sets of two members? Our definition of 
. “ not be dependent on prior knowledge of what “2” 
is. This matter can be dealt with rather neatly, however. Con- 
sider the infinite number of sets which are to be distributed. 
If e ''^ ous “bundles.” Put into the same bundle, says 
Hu« J, an those sets which are similar. Similar sets are those 

wfeonT'nJ.? C ^ be put 11110 one ' to -° ne correspondence 
i-„. •, ^;f fer ' T,1IS can be without any actual count- 
ed ww f' fot exam P !e > *at two sets are similar, with- 
out lno«iflg how many members each of them has 
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Thus, says Russell, barring the existence of polygamy or 
polyandry in the world, we can know that the number of liv- 
ing husbands is exactly the same as the number of living wives, 
for these two sets can be put in one-to-one correspondence — 
that is, each husband to his wife. Nor is it necessary that two 
sets be finite in order for us to know that they can be put in 
one-to-one correspondence. For example, it is perfectly ob- 
vious that the set of natural numbers can be put in one-to-one 
correspondence with the set of fractions M, Vs, Vs, and so on. In 
ct, putting any collection into one-to-one correspondence 
ith the set of natural numbers is what counting is. What con- 
ms us here, however, is that it is possible to decide whether 
to sets are similar (that is, belong to the same bundle of sets), 
ithout this decision’s involving the concept of number. 

Let us suppose, then, that all sets have been collected in ap- 
■opriate bundles — that is, each set with all those sets that are 
milar to it. Thus there will be a “bundle” containing the set 
f no members (the so-called null set), then a bundle con- 
lining all the sets with one member, then a bundle with the 
:ts of couples, etc. Now we — or rather Russell — are ready to 
ifine “number.” 

Here it is well to remind ourselves that a definition is some- 
thing arbitrary. However, while any (consistent) definition of 
“number” would in one way be acceptable, there is another 
criterion. That is utility. A mathematician, whether Euclid or 
Russell, is at liberty to begin his work with his own definitions; 
nobody can deny him the right to define things and assign 
names as he pleases. If, however, the mathematician wants to 
be of use to his reader, he will be careful to define his elements 
in such a way that the reader will recognize the things being 
defined — will, in other words, be able to make use of the 
definitions. With this caution, let us look at Russell’s definition: 

The number of a class is the class of all those classes that 
are similar to it (p. 175). 

Before discussing the definition, let us translate it. Suppose 
there is a set containing a certain number of members, say 
five. How are we going to define the number 51 What are we 
going to say is the number 57 Russell answers: “Five” is the 
class of all those classes containing five members. 

Russell recognizes that his definition of number will seem 
strange at first. “We naturally think,” he writes, “that the class 
of couples (for example) is something different from the num- 
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bcr 2.” In defense of his definition he does not attempt to 
show that our common-sense impression is wrong. ] He does 
not trv to convince us that the class of couples is the number 
2 if we would only try' to understand more deeply what num- 
ber" or "the number 2” is. Russell’s defense is much more 
pragmatic: 


There is no doubt about the class of couples: it is indubi- 
table and not difficult to define, whereas the number 2, 
in any other sense, is a metaphysical entity about which 
we can never feel sure that it exists or that we have 
tracked it down. 


And so he concludes: 


It is therefore more prudent to content ourselves with 
the class of couples, which we are sure of, than to hunt 
for a problematical number 2, which must always re- 
main elusive (p. 175). 


Since Russell claims only pragmatic justification for his defi- 
nition, we cannot attack it on the grounds that it is not what 
we had expected, that it is too different from Euclid’s defini- 
tion, or that it does not really tell us what the essence of 
number is, etc. We can, however, quite legitimately withhold 
judgment until wc have seen whether the definition works — 
that is, until it has been established whether in fact this defi- 
nition of "number’’ is useful. Since Russell bases his entire 
justification for the definition on this level, we are entitled to 
judge it on that level also. Euclid’s definition, on the other 
hand, should be judged on different grounds, since it in fact 


attempts to tell us what a number is. Which kind of definition 
is better is a matter to be decided by the theory of definitions, 
a branch of the science of logic. 

But to return to Russell’s definition of “number”: The num- 
ber 2 is the class of all those classes which have two members; 
t c number 5 is the class of all those classes which have 5 
members— but can we generalize these definitions? Yes a 
number obviously will be "a set of classes such that any two 
arc similar to each other, and none outside the set are similar 
f :.rV? Sld ? th u SCt ‘” 0r ’ t0 g eneralize still further, since we 
sw tfo, J t al nUmber of a class ” ^ we can now 

a clL r^nn R , USSCH) l ? at anythin 5 which is the number of 
class is a number simply. A little more elegantly, we say: 
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A number is anything which is the number of some 

class (p. 175). 

Russell briefly considers the charge that this definition 
number is circular, since it appears to define “number” 
terms of “number.” He dismisses this charge easily, howevi 
because “number” is here defined in terms of “number of 
class.” And “number of a class” has been defined by him earli 
in terms that do not involve the concept of number, but or 
the concepts of “class” and “similar classes.” There is an a 
pearance of circularity because of the occurrence of the wo 
“number” among the words used to define “number.” B 
Russell points out that this quite frequently happens in val 
definitions. For example, the father of a person might be c 
fined as that person’s immediate male progenitor. “Fathei 
in general, then would be defined as he who is some persoi 
father. 

This is exactly the sort of thing that we do in the definite 
of number. However, if we wish to avoid even the appearan 
of circularity, we can easily do it by substituting for “numb 
of a class” its definition. Then we can say: 

A number is anything which is a set of similar classes. 

The definition of “number” which Russell develops in Cha 
ter 2 is, as Russell points out, due to the German mathem 
tician Gottlob Frege (1848-1925). Frege’s endeavor — ai 
Russell’s after him — was to reduce mathematics to non-math 
matical terms. The definition of “number” is a good instam 
of this. It involves no purely mathematical or arithmetic 
terms; the concepts used in it are taken from the science < 
logic. Basically, the concepts used are two: that of class (whit 
in turn involves such concepts as “membership in a class” i 
“belonging to a class”), and that of similarity of a class. Nur 
ber, an arithmetical concept as we ordinarily think of ; 
emerges from these purely logical concepts. Whenever the 
are classes that are similar to one another, there is a class t 
all these similar classes. That class is a number. 

Russell’s definition of "number” is an instance, therefore, i 
reduction, of reducing one science at least partly to anothe 
By defining “number” in purely logical terms, we reduce, 
that extent, arithmetic to a part of logic. But Russell is ii 
terested in much more extensive reductions. In Chapter 
he mentions (but does not prove) that all of mathemati 
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can be reduced to arithmetic, or more precisely to the science 
of natural numbers. We can believe this quite easily; we h ave 
already seen in Chapter 3 that geometry can be reduced to 
algebra, and we have just learned in the previous chapter how 
irrational numbers can be defined in terms of rational num- 
bers, so that the entire theory of irrational numbers is re- 
duced to that of natural numbers. This arithmetization of 
mathematics reached its climax in the work of the Italian 
mathematician Guiseppe Pcano (1858-1932). 

Pcano undertook the next logical step in this progressive 
arithmetization. That step consisted in reducing arithmetic it- 
self — or better, the theory of natural numbers — to the smallest 
possible number of primitive, undefined terms and primitive, 
unproved propositions. The three undefined terms are "0," 
“number," “successor.” It is clear wbat Peano means by “0”; 
by “number” he means the class of natural numbers (includ- 
ing 0); by “successor” he means the successor of a natural 
number, or the next number in the natural order. 

There is no need for us here to repeat the five primitive 
propositions; Russell lists them on page 000. By means of 
the three primitive terms and the five primitive propositions, 
all the ordinary propositions of arithmetic can be proved. It 
is quite obvious that this is precisely the sort of thing which 
Euclid did in geometry: the three primitive terms correspond 
to the terms in the Definitions (remember, we noted at the 
time that some of them might better have been left unde- 
fined); the five primitive propositions correspond to Euclid’s 
postulates. 


Russell notes, however, that it is necessary to go beyond 
Peano’s work. One reason for this is that the primitive unde- 
fined terms of Pcano’s system are capable of an infinite num- 
ber of interpretations. We gave the terms their “ordinary” 
interpretation above. That is, we interpreted “0” as meaning 
zero’ m the ordinary sense, “number” as meaning “the class 
ot natural numbers,” and “successor” as meaning “next <--- - 
ural number." It is important to realize that this was an inter- 
pretation— that is, an attachment of meaning to these rirsj 
terms made by us— because that meaning is not contained - 
ose terms as such. Russell points out various c- thg r c-nrn 
interpretations for these three terms; they are feTs ^nhh nr 
t ie first interpretation, even though they mar e=— - — * 

strange and unfamiliar. ' 

Faced with a number of undefined tenns 
- 01 interpretations, we have a choice ~ ~ 
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action. First, we could leave them undefined and uninterpreted, 
simply noting that these terms are variables, the only restric- 
tion on these variables being that they must fit the five primitive 
propositions. Such a course of action is logically permissible, 
but of course the result will be that our “arithmetical” results 
(the propositions proved by means of the primitive proposi- 
tions about the primitive terms) will not really be arithmetical. 
The propositions will be exercises in logic; we will not know 
to what these propositions apply, or even whether there are 
any things in reality to which they apply. 

The second course, and the one which Russell follows, is to 
give a definite interpretation to these primitive terms. This in- 
terpretation is of course, the “ordinary” one — that is, one 
which interprets “number” to mean “the class of natural num- 
bers,” and so forth. But where can we turn for the means of 
making such an interpretation? Russell’s answer is logic. 

In Chapter 3 of the Introduction to Mathematical Philoso- 
phy Russell turns to the task of giving interpretations to the 
primitive terms and primitive propositions in Peano’s theory 
by the use of logical terms. When he has finished his task, 
Russell has therefore succeeded in logicizing arithmetic. Since 
Jail arithmetical terms and propositions will have been reduced 
to logical terms and propositions, arithmetic will cease to exist 
as a separate science and will from now on be understood as 
merely a part of the science of logic. 

Peano’s three primitive terms were "0,” “number,” “succes- 
sor.” The first thing which Russell proposes to do is to define 
“number” in terms of “0” and “successor.” These last two 
terms are, for the time being, still considered as undefined and 
not in need of definition. We must note one important differ- 
ence between the task which Russell solved in Chapter 2 and 
the task which he sets himself here in Chapter 3. In the earlier 
chapter, Russell gave a definition in logical terms, of any 
number, or “number” in general. Here in Chapter 3, Russell 
searches for a definition, in terms of “0” and “successor,” of 
“the class of natural numbers.” Whereas the definition de- 
veloped in Chapter 2 seeks only to say what any natural num- 
ber is, the definition looked for here is that of the entire class 
of natural numbers in terms of one natural number, namely 
0. The definition developed here will, therefore, be a genetic 
definition; that is, it will tell us how the class of natural num- 
bers comes to be, starting with the first natural number, 0. 

We can assume that the natural number series starts with 0, 
and that each natural number has a successor (that is, there is 


THE DEFINITION OF NUMBER 


1 91 


a next one after it) This of course also means that every 
natural number has an immediate predecessor, except 0. For 
if a number in has the successor n, then n has the immediate 
predecessor m. 

Now the natural numbers have a great many different prop- 
erties. Some properties arc such that if they belong to a num- 
ber, then they belong also to the successor of that number. 
Russell calls such properties “hereditary.” Most properties arc 
not of this kind; for example, the property of being even is 
not hereditary. If a number is even, then its successor is not 
even. 

Consider the property “being a member of a class A"; sup- 
pose this property is hereditary. This means that if a number 
belongs to class A, then its successor also belongs to class A. 
Since the property of being a member in this class A is heredi- 
tary, we call the class A also hereditary. 

If a property is hereditary and belongs to the number 0, 
then the property is called inductive. Similarly, if the property 
“being a member of class A" is hereditary' and 0 is a member 
of class A, then A is said to be an inductive class. Let us note 
the obvious: the four statements concerning hereditary prop- 
erties, hereditary classes, inductive properties, and inductive 
class arc all definitions; as such they arc arbitrary', not subject 
to dispute, and simply laid down by Russell for convenience 
and clarity. 

It follows from the definition of “inductive class” that any 
natural number is a member of every inductive class. For 0 
is a member of any inductive class (by definition); and if 0 
is a member of an inductive class, then 1 is also a member of 
it'; if 1 is a member of it, then 2 is, and so forth until we reach 
the given natural number. 

Russell needs to make one more definition in order to ac- 
complish his task. Let us state once more what that task is, 
so that we can be sure to understand in what scn<c he ac- 
complishes what he sets out to do. Russell’s aim is to replace 
the vague, intuitive understanding of the class of natural num- 
bers with a precise definition, where that definition is to involve 
only the terms “0” and “successor” from the field of nutnifcr 
theory’ (the definition may and will of course involve other 
general logical terms). The vague intuitive understanding of 
the class of natural numbers states that each number is reached 
step by' step as the successor of a number; or to put it the other 
way around, each number is the predecessor of another number. 

Since this is vague and unclear, Russell proposes to clarify 
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it. What do we mean, he asks, when we say that all numbei 
after a given number arise from it, step by step, because eac 
number, beginning with the given number, is the predecessc 
of another number? Or, what do we mean when we conside 
all numbers after a given number as the “posterity” of th; 
number, arising from the relation of “immediate predecessor’ 
In our restatement of Russell’s task, we have placed first th 
vague and intuitive statements which all of us bring to th 
study of numbers; and we have indicated that it is his task t 
clarify these vague statements. Actually, Russell approache 
the matter in a slightly different way. He first gives a precis 
(though unusual) definition of the class of natural number: 
and then he indicates that this is what we meant all along b 
our vague statements concerning the class of natural number: 

The one added definition which, we noted above, Russe 
needs is that of posterity. Our common sense tells us tha 
posterity, is that which comes after, but we need to be mor 
precise. A person or a thing has different posterities with re 
spect to different relations. To take the most obvious exampl 
first: A man’s posterity, with respect to fatherhood, consists o 
his children, and his children’s children, and so forth. If I asl 
what a man’s posterity is with respect to the relation of beini 
The father of sons, then it will be all his male children, an: 
their male children, and so forth. (It may happen, of course 
that with respect to this relationship a man has no posterity a 
all.) Similarly, too, we might define a relation of authorshij 
so' that an author’s posterity would consist of all those person 
who read his books, and then of all those who read book 
written by the first generation of readers, and so on. 

What Russell sets out to define, then, is the posterity of t 
number with respect to the relation “immediate predecessor.’ 
To put what Russell is looking for in plainer terms, he wants t< 
define what all those numbers are which follow a given num 
ber, as a result of the fact that the given number is the im 
mediate predecessor of a number, while this second number i: 
again the immediate predecessor of another number. Th: 
posterity of a given number, in other words, consists of al 
those numbers which arise from it, step by step. This, w: 
recall, was the intuitive and vague understanding of the clas: 
of numbers. Now let us look at Russell’s definition, whicl 
makes it precise. He defines the posterity of a given numbei 
(with respect to the relation of "immediate predecessor” — 
that is, arising from the fact that every number is the immediat: 
predecessor of another number) as "all those terms that belong 
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to c very hereditary class to which the given number belongs." 
Or, to put it in less precise but plainer words, the posterity of 
a given number consists of all those numbers that arc con- 
nected with it by a hereditary property. If the given number 
is 0, then for "hereditary” class we substitute “inductive" class, 
and sve will find that the posterity of 0, with respect to the 
relation “immediate predecessor," is all those terms which 
belong to every inductive class. (Or, again, the posterity of 0 
is all those numbers that arc connected with it by some in- 
ductive property.) Having defined the posterity of 0, Russell 
now turns around and defines the class of natural numbers 
as follosvs: 

The "natural numbers" arc the posterity of 0 with respect 
to the relation "immediate predecessor” (which is the 
converse of "successor") (p. 178). 

What has this definition accomplished? First, it states pre- 
cisely what we mean by the vague expression "each number 
comes from its predecessor, step by step." Secondly, this defi- 
nition has accomplished this task using only two of Pcano's 
undefined terms. Russell immediately proceeds to show that 
the other two undefined primitive terms can also be replaced 
by expressions involving only logical and no arithmetical terms. 
Thus 0, in accord with the work done in Chapter II, is defined 
as the class of all the classes having no members. Since there 
is only one class that has no members — the so-called null class 
— 0 can be defined as the class that has only one member, 
namely the null class. Then Russell also defines "successor" in 
strictly logical terms — that is, using such terms as "class," 
“member," etc. 

Thus arithmetic is left with no primitive undefined terms. 
(The only undefined terms arc those that are undefined in 
logic; arithmetic has no undefined terms of its own.) Further- 
more, Russell shows, arithmetic also does not have any un- 
proved, primitive propositions. We will not repeat Russell's 
reasoning here, except with respect to Pcano's axiom 5, the 
one dealing with matcmatical induction. That particular axiom 
(see p. 165) stated this: 

Any property which belongs to 0. and also to the *— ■'•-js* 
?or"of every number which has the property, b ' . 
all numbers. 

This seems like a fairly complicated and lengthy?'' • 
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consequently one might wish that it would not be necessary to 
accept it without proof. (This, of course, was precisely the 
kind of objection urged against Euclid’s fifth postulate.) 
Peano’s fifth axiom is no longer necessary, however, if we 
define “natural numbers” as Russell does. For that definition 
includes the property of “inductiveness.” In other words, the 
class of natural numbers is defined in such a way that mathe- 
matical induction must necessarily hold. For the natural num- 
bers are said to be the posterity of 0, and the posterity of 0 
is defined as all those numbers connected with 0 by the in- 
ductive property. To see this, it is merely necessary to go back 
to the definition of “posterity”; it involves the definition of 
hereditariness, and this in turn means “inductiveness.” Thus, 
mathematical induction, far from being a problem for the 
arithmetician, becomes in fact the defining property of natural 
numbers. We can even say that Russell defines natural num- 
bers as all those, starting from 0, for which mathematical in- 
duction holds. 

The use of mathematical induction in demonstrations 
was, in the past, something of a mystery. There seemed 
no reasonable doubt that it was a valid method of proof, 
but no one quite knew why it was valid. . . . We now 
know that . . . mathematical induction is a definition, not 
a principle. There are some numbers to which it can be 
applied, and there are others ... to which it cannot be 
applied. We define the “natural numbers” as those to 
which proofs by mathematical induction can be applied, 
i.e. as those that possess all inductive properties (p. 181). 

What finally, is the result of Russell’s work as far as we 
have read it? He himself sums it up quite clearly, on p. 179: 

We have now succeeded not only in defining Peano’s 
three primitive ideas, but in seeing how to prove his five 
primitive propositions, by means of primitive ideas and 
propositions belonging to logic. It follows that all pure 
mathematics, in so far as it is deducible from the theory 
of natural numbers, is only a prolongation of logic. 
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CHAPTER SEVEN 




Euler — A Neu> Branch of Mathematics: Topology 

PART i 

Most of us tacitly assume that mathematics is a science dealing 
with the measurement of quantities. Indeed, the word "geom- 
etry,” which is sometimes used synonymously with “mathe- 
matics,” means “measurement of the earth.” In the selection 
before us now, however, we see that mathematics includes a 
great deal more than measurement. Leonhard Euler, an eight- 
eenth-century mathematician, shows us that “position” or 
“relative position” is a property that can be treated mathe- 
matically. Not only such questions as “are these two triangles 
of the same shape?” or “Is this number a factor of that num- 
ber?” but also a question like “Is this point inside or outside of 
that figure?” are all mathematically significant. 

If it seems strange that “relative position” should be a part 
of mathematics, a look at Euler’s treatment will dispel any 
doubt. These “topological” matters are treated deductively 
and just as rigorously as matters of size and shape are treated 
by Euclid. 


Leonhard Euler: 

Solution of a Problem Belonging 
to the "Geometry of Position”* 

1. Beside that part of geometry which deals with quantities 
and which always is studied with the greatest care, Leibniz 
makes mention of another part. He was the first to do so, al- 

* A new translation by Peter WolfE. Copyright © 1963 by Peter Wolfi. 
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though it is almost unknown, and he called it geometria situs 
(geometry of position) . This part of geometry was stated by 
him to deal only with the determination of location and with 
eliciting the properties of location. In this business no regard 
is had to quantities nor is there any need for calculating quan- 
tities. However, this does not sufficiently define the sort of 
problems that belong to this geometry of position, nor what 
method is to be used in solving them. Therefore, since recently 
there has been made mention of a certain problem, which 
seems to pertain to geometry, but which is so constituted that 
it requires neither quantitative determination nor admits of 
quantitative solution through calculation, I have not had any 
doubt at all to refer it to the geometry of position, especially 
because in its solution only position comes under considera- 
tion, while calculation is of no use. Hence I have determined 
here to exhibit my method, which I have invented for solving 
problems of this kind, as an example of the geometry of posi- 
tion. 

2. The problem, then, which I was told is quite well enough 
known, was the following: In Konigsberg in Prussia there is 
an island A, called the Kneipfhof, encircled by a river which 
divides into two arms, as can be seen from the figure: the 
branches are furnished with seven bridges, a, b, c, d, e, /, and g. 
Now the following question is asked concerning these bridges: 
Could someone follow a course so that he crosses each bridge 
once, and none more than once? I was told that some deny 
altogether that this is possible while others doubt it, but no- 
body asserts that it is possible. I formulated for myself the 
following general problem from this: whatever be the shape 
of the river and the distribution of its branches and whatever 
be the number of bridges, to find whether it is possible to 
cross all bridges once only, or not. 

C 
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3. But since the problem of Konigsberg pertains to seven 
bridges, it could be solved by a complete enumeration of all 
the routes which can be taken; from this it would become 
clear whether some route satisfies the problem or not. But 
because of the great number of combinations this mode of 
solution is both too difficult and laborious and in other prob- 
lems of more bridges cannot he employed at all. If this kind 
of method should be pursued to the end, many answers will 
be found to questions that were not asked; in this without 
doubt consists the cause of great difficulty. Wherefore having 
dismissed this method I have searched for another one which 
would not do anything more than show whether such a route 
can be found or not; for I suspected that such a method would 
be much simpler. 

4. Now my whole method rests on a suitable way of desig- 
nating each single crossing of the bridges; for this I use the 
capital letters A, B, C, D which describe each of the regions 
that are separated by the river. Thus, if someone goes from 
region A to region B, by either the bridge a or the bridge b, 
I denote this crossing fay the letters AB. The first of these 
shows the region from which the traveler came, and the sec- 
ond gives the region into which he goes after crossing the 
bridge. Again, if a traveler should go from region B to region 
D by bridge /, this crossing is represented by the letters BD. 
Two successive crossings AB and BD I then denote by the three 
letters ABD, because the middle letter B designates both the 
region which he reached by the first crossing and the region 
which he left by the second crossing. 

5. Similarly, if the traveler should go on from region D to 
region C by the way of bridge g, I denote these three successive 
crossings by the four letters ABDC. From these four letters 
ABDC it will be understood that the traveler was first in 
region A and crossed into region B, that from here he went 
on to region D and that from here he finally proceeded to C. 
Since, however, these regions are separated from each other by 
the river, it is necessary that the walker crossed three bridges. 
Thus crossings that are undertaken by way of four successive 
bridges are denoted by five letters; and if the walker crosses 
any number of bridges the number of letters denoting his 
route will be one greater than the number of bridges. Thus a 
crossing by seven bridges requires eight letters for its desig- 
nation. 

6. In this manner of denoting the crossings, f pav no at- 
tention to which bridges are used, but if the same crossing cam 
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be made from one region into another by several bridges, th 
it is just the same, whichever bridge be crossed, as long as 1 
traveler reaches the designated region. From this it is cl< 
that if the path over the seven bridges of the figure can 
traced in such fashion that it crosses over each one once 1 
over none twice, then this path can be represented by eij 
letters and these letters must be disposed in such fashion tl 
the letters A and B occur directly next to each other twi 
because there are two bridges a and b joining regions A a 
B; similarly, the two letters A and C also should occur tw 
in immediate succession in this series of eight letters; then 1 
sequence of letters A and D should occur once, and simila 
the sequence of letters B and D and C and D must occur oni 

7. The question is reduced to this, then, that from the fc 
letters A, B, C, and D a series of eight letters must be form< 
in which all the sequences occur just as many times as 1 
have indicated. However, before beginning work to find such 
arrangement, it is convenient to show whether these lettf 
can be disposed in this manner or not. For if it can be demo 
strated that such an arrangement can by no means be mac 
all labor would be useless which was directed toward bringii 

i this about. Wherefore I have searched for a rule, by mea 
of which it could easily be ascertained — both for this questii 
and for all similar ones — whether such an arrangement 
letters can exist. 

8. In order to find this rule I consider the single region . 
into which any number of bridges a, b, c, d, etc. lead (Figu 
7-2) . Of all these bridges, I first pay attention to the single oi 
a, which leads to the region A. If now the traveler crosses 1 
way of this bridge, he necessarily must either have been 
region A before he crosses, or must reach region A after tl 
crossing. Therefore, according to the way of naming the cros 
ing that I established above, it is necessary that the letter 
occur once. If three bridges, say a, b, c, lead to region A and tl 
traveler crosses over all three, then in naming his travel tl 
letter A will occur twice, whether or not he started bis cour 
from A. Similarly, if five bridges lead to A, then in namii 
crossings by way of all five, the letter A must occur three time 
And if the number of bridges be any odd number whatever, 
wc add one to this number and take half of it, this will gh 
the number of times that letter A must occur. 

9. To turn now to the case of the bridges that are to I 
crossed in Konigsberg. Because five bridges a, b, c, d, e lea 
to the island A, the letter A must occur three times in namii 


X KJtr w * 



Figure 7-2 


the crossings over these bridges. Because three badges lead to 
L region B, the letter B must occur twice, and similarly he 
Ser D and the letter C must each occur twice. Hence m the 
series of eight letters, by which the crossing of seven bridges 
nSst be designated, the letter A should occur three times, and 
the letters B, C, and D each twice. But in a senes of eight 
letters this can in no way be accomplished. From this it is clear 
that the required crossing over the seven bridges of Konigsberg 
cannot be done. 

10. In similar fashion we can decide in any other case cu 
bridges, if only the number which lead to any region is ocd, 
whether each single bridge can be crossed just once. If it hap- 
pens that the sum of all fee rimes that each single letter shcnlc 
occur is equal to fee number of ah the bridges plus cue. then 
such a crossing can be made. But if. as happened in cur ex- 
ample, the sum of all the times shcnlc be greater than fee 
number of bridges plus one, then such a crusting earner be 
accomplished. The rule which I have given fur finding fee num- 
ber of times of fee letter A. free, fee number c? bridges leading 
into fee region A, is equally valid w heats ' ah bridges came 
from one region B, as is fee case in Future 7—1, cr whether feeu 
come from digerent regions; fer I cuIt carries fee rumen A 
■ and inquire, how many rimes fee lens' A cugim tc css. 

11. If, however, fee number cf briers: ieanma remcn A. 
is even, then it must be known, in. fee mams uf snufem each 
single bridge, whefeer fee travels hanan mr mum--- m = — 
not. For if two bridges lead tc A and" fee -_7 

course in A, then feeletts A rrrrr -—ZZZZZZZ ZZZzZZZSZ 
be present in order ta denote the sm ~m "—Tlfehif 

and once more in order ta d s-t-— iy I ZZ-’ZzZi 

of the other bridge. Em if hi nrs's*-^-- ™ ’-fed.." c 

some other region, tVr the Iss * ZZ~ ZZz _™ ~~Z~ 

being written once it wm rim* ~"~ 

exit from A, in E7 r-s—^ . f^ZrZZiZl ~Z ~ il 

12 . Now let fern hri-'-^W'— FlT'-f f x — 
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eler begin his course in A. In the designation of this course the 
letter A must be present three times, if he crosses over each 
single bridge once. But if he begins to walk in another region, 
then the letter A will occur only twice. If six bridges lead to the 
region A, then the letter A will occur four times, if the begin- 
ning of the walk is made at A; but if the traveler does not al 
the beginning come from A, then it will have to occur only 
three times. Generally therefore, if the number of bridges is 
even, one half of that number gives the number of times 
which the letter A must occur, if the beginning of the route 
is not in the region A; one half of the number of bridges plus 
one will give the number of times that the letter A must occur, 
if the beginning of the route is made in A itself. 

13. But because in such a course the beginning can only be 
made in one region, I determine the number of times that the 
letter designating each region must occur from the number of 
bridges leading into the region, as half the sum of all the 
bridges plus one, if the number of bridges is odd; but as the 
half of the number of bridges themselves, if it is even. Then 
if the number of all the letter occurrences equals the number 
of the bridges plus one, the desired course can successfully 
be traversed; but the beginning must be made from a region 
into which an odd number of bridges leads. If, however, the 

' number of letter occurrences should happen to be Jess by one 
than that of the bridges plus one, then the course can success- 
fully be traversed by beginning in a region into which an even 
number of bridges leads, because in this way the number of 
letter occurrences is increased by one. 

14. Suppose then that any configuration whatever of water 
and bridges is given and that it is to be investigated whether 
it is possible to cross over each bridge once; I go about it in 
the following fashion: First, I name all regions that are sep- 
arated by water from each other by the letters A, B, C, etc. 
Second, I take the number of all the bridges, add one to it, 
and place this number at the head of the succeeding calcu- 
lation. Third, after the letters A, B, C, etc., written below 
one another, I write the number of bridges leading into the 
region. Fourth, I mark with an asterisk those letters that have 
even numbers after them. Fifth, I write half of the even num- 
ber next to each of the even numbers, and I write a number 
equal to half of each odd number plus one next to each odd 
number. Sixth, I add together the numbers written in the 
last column. If this sum is equal to, or less by one than the num- 
ber of bridges plus one — then I conclude that the desired cross- 
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ing can be made. But it must be noted that, if the sum is one less 
than the number placed above, then the beginning of the route 
must be made in a region marked with an asterisk; on the 
other band, from a region not so marked, if the sum is equal 
to the number in question. Thus in the case of Konigsberg I 
make the following calculations: 

Number of bridges 7; key number, 8 
Bridges 

A 5 3 

B 3 2 

C 3 2 

D 3 2 

Because this calculation results in a sum greater than 8, a 
crossing of this kind cannot be made in any way. 

15. Let there be two islands A and B, surrounded by water, 
and let this water be connected with four rivers, as the figure 
(Figure 7-3) shows. So that the island can be reached let there 
be 15 bridges a, b, c, d, etc. across the water surrounding the 
islands and the rivers. The question is whether some course can 



Figure 7-3 


ound so _^ at eactl of the bridges is crossed, but none more 
^erefore, f name all the region^ which are 
Water from one another, by the letters A, B, C, 
' , ; there are six of these regions.Then I add one to the 
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number 15 of the bridges, and place the sum 16 at the he; 
of the following calculation: 

Key number =16 


A* 8 4 
B* 4 2 
C* 4 2 
D 3 2 
E 5 3 
F* 6 3 


16 

Third, I write the letters A, B, C, etc. under one another ai 
with each I place the number of bridges that lead into tf 
region, as 8 bridges lead to A, and four to B, etc. Fourth, the 
letters which have even numbers attached I mark with : 
asterisk. Fifth, in the third column I write half of the evi 
numbers, but to the odd numbers I add one and write half 
that. Sixth, 1 add the numbers of the third column to one a 
other and obtain the sum 16. Since this is equal to the nui 
ber 16 placed above the calculation, it follows that the cro; 
ing can be made in the desired fashion, if the course tak 
its beginnings either in region D or B, because these are n 
marked with an asterisk. The course could be made in tl 
way: 

EaFbBcFdAeFfCgAhCiDkAmEnApBoElD, 
where I placed the bridges by which the crossings are ma 
between the capital letters. 

16. By this reasoning it will be easy to judge in every ca 
no matter how greatly complex, whether all bridges can 
crossed just once, or not. I shall now relate a much easier w 
of discerning the same thing, which follows without great d 
ficulty from the present way, after I have first made the f< 
lowing observations. First I observe that all the numbers 
bridges, written in the second column after the letters A, 
C, etc. if added together are twice as great as the number 
bridges. The reason of this is that in this calculation where , 
bridges leading into a given region are counted, each brid 
is counted twice; for each bridge has reference to both regio 
which it joins. 

17. From this observation it follows therefore that the su 
of all the bridges which lead into each region is an even mu 
ber, because its half is equal to the number of bridges. Hen 
it cannot happen that among the numbers of bridges lead! 
into the several regions there is just one that is uneven; n 
that three be uneven, nor five, etc. Hence if any of the numbe 
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signifying the bridges, attached to the letters A, B, C, etc. are 
uneven, it is necessary that the number of these numbers be 
even. Thus in the example of Konigsberg there were four num- 
bers of bridges that were odd, attached to the letters of the 
regions A, B, C, D, as can be seen from section 14. And in 
the preceding example, in section 15, there are only two odd 
numbers, attached to the letters D and E. 

18. Sine 1 ', the sum of all the number, attached to the letters 
A, B, C, etc. equals twice the number of bridges, it is apparent 
that if two be added to this sum and the result divided by 2, 
then this must give the number placed at the head of the cal- 
culation. If, therefore, all the numbers attached to the letters 
A, B, C, D, etc. are even and in order to obtain the numbers 
of the third column half of each of them is taken, their sum 
will be less by one than the key number at the top. Therefore 
in such cases a crossing over the bridges can always be made. 
For in whatever region the course begins, it has bridges even in 
number leading to it, as is required. Thus in the Konigsberg case 
it would be possible for someone to cross over each bridge twice; 
each bridge could be, as it were, divided in two, and then 
the number of bridges leading into each region will be even. 

19. Furthermore, if only two of the numbers attached to 
the letters A, B, C, etc. are odd, but all the others are even, 
then the desired crossing can always be successfully made, as 
long as the beginning of the course is in a region with which 
an odd number of bridges connect. For if the even numbers 
are halved as well as the odd numbers plus one, according to 
the rule, the sum of all these halves will be greater by one than 
the number of bridges and therefore equal to the key number 
at the head. 

From this it will then be seen that, if there are four or six 
ot eight, etc. odd numbers in the second column, then the sum 
of the numbers in the third column will be greater than the 
ey number at the head and will exceed it by one or two or 
three etc. and. hence the crossing cannot be made. 

0. Hence if any case whatsoever be given, it can now very 
^ y be recognized whether a crossing over all bridees once 
C « 1 “ ade or not, with the help of this rule: 

/ here are more than two regions which have an odd rarm- 
er of bridges leading to them, then it can with certainty be c?- 
hrmed that such a crossing cannot be made. 

/, lowever, there are two regions which have or. edd rz— - 
i n dges leading to them, then the crossir.a car. ce made. 

1 he course begins in one of these regions. 
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If, finally , there are no regions which have odd numbers of 
bridges leading to them, then the desired crossing can be made, 
no matter in which region the beginning of the walk is made. 

This rules therefore fully solves the given problem. 

21. But when it has been found that such a crossing can be 
made, the question still remains, how the course is to be found. 
For this I use the following rule: Let pairs of bridges which 
lead from one region to another, be eliminated in thought, as 
many tunes as it can be done. In this way, the number of 
bridges will be radically and quickly diminished. Then the de- 
sired course over the remaining bridges which can easily be 
done is looked for. When this has been found, it will at once 
be clear to anyone who attends to it that the bridges eliminated 
in thought will not disturb this course: and I judge it is not 
necessary for me to teach more about the finding of the course. 


PART XI 


Leonhard Euler lived from 1707-1783, during the period 
that is often called “the age of reason” or “the enlightenment.” 
The French encyclopedists (men like Diderot and d’Alembert) 
worked to publish the first encyclopedia; Voltaire, living some- 
times in France, sometimes in Germany, wrote novels, satires, 
and a philosophical dictionary; in Great Britain, George Berke- 
ley and David Hume published important treatises on the 
theory of knowledge, while Edward Gibbon labored for twenty 
years on The Decline and Fall of the Roman Empire. Europe 
was in broad intellectual ferment, with all the arts and sciences 
flourishing. 

This favorable environment for intellectual pursuits resulted 
in the establishment of royal academies in many European 
countries. These were centers of learning, supported financially 
by the rulers of their countries, in which research of the most 
diverse kind was carried on under the patronage of the king. 
Many of the most important achievements of the eighteenth 
century are recorded in the annals of proceedings of one or 
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another of these academies. Many scholars were able to pursue 
their studies only because of the support- of these institutions. 

Euler, who was Swiss (he was born at Basel) spent almost, 
his entire life at the royal academies in St. Petersburg and 
Berlin. Originally destined for the ministry, his brilliance as 
a mathematician soon became apparent. He studied geometry- 
under Jean Bernoulli, and later went to St. Petersburg with 
Daniel Bernoulli. In 1730, when Daniel Bernoulli left, Euler 
became professor of mathematics at the academy. In 1741 
Euler went to Berlin as a member of the Prussian academy, but 
in 1766 he returned to St. Petersburg. 

Euler’s output of work was tremendous in quantity, a fact all 
the more astonishing because he lost the sight first of one eye 
and then of the other. For the last seventeen years of his life he 
was blind, but continued to work at a prodigious rate, thanks to 
his fantastic memory. 

His work covered almost the entire range of mathematics, as 
well as many related sciences. He made contributions of the 
highest importance to algebra, the theory of equations, the 
study of infinite series, the theory of surfaces, and many other 
branches of mathematics. Euler worked out mathematical 
principles in the sciences of astronomy, hydrodynamics, optics, 
and acoustics. His collected works comprise a vast number of 
large volumes. 

The little work we have translated here by itself is only of 
minor importance, but it is worth examining because it affords 
a very easy introduction to the branch of mathematics caller 
topology. It also shows forth, in very exemplary fashion 
Euler’s ability in analysis and bis almost instinctive habit oi 
generalizing any problem in such a way that the general prin- 
ciples of the solution, as well as the particular solution, be 
come apparent. It is this desire and ability to see the genera] 
principles which are the mark of a true mathematician. 

We have said that this is a work in topology. Let us post- 
pone a definition of “topology” and instead rest content with 
the statement that it treats problems like this one, of the seven 
bridges in Konigsberg. After we have examined the problem 
and Euler’s treatment of it, we can make an attempt to indicate 
just what branch of geometry this is. 

The question which, according to Euler, had been of long 
standing, was whether a certain course could be followed wi±~ 
r l tracing of ste P s - Starting from any point in the cftr 
.1 , . om f sber S> we are to cross over each one of seven 
that lead across the river Pregel. As Figure 7-1 shows, ihe'rirer 
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splits into two branches, forming an island (the Kneipfhof), 
and then continues in two branches. The city of Konigsberg 
is located on both sides of the river and on the island, and the 
bridges are arranged accordingly. 

This problem is one of a more general kind, which is prob- 
ably familiar to the reader. That is, it belongs to the class of 
problems in which we are given a certain figure and we are 
asked .to trace this figure in “one stroke” — that is, without re- 
peating or retracing any part of the diagram. Euler’s problem 
has a certain added charm because of the geographical de- 
tails, but they are of no importance to the character of the 
problem. Euler gives us a method for solving not only the 
Konigsberg problem, but all other problems of a similar sort 
as well. 

An important part of Euler’s scheme of solving problems 
of this kind consists in the proper labeling of the figure. He 
gives capital letters to each of the regions that are completely 
separated from each other by the river; there are four of them: 
A, B, C, D. (It is clear that in order for these four regions to 
be truly separated, we must conceive the river to go on in- 
definitely to the left; similarly, each of the two branches of the 
river on the right must continue indefinitely.) Then Euler 
designates the various bridges by small letters, a, b, c, d, e, /, g. 

Next, he denotes the crossing from A to B by way of bridge 
a by the sequence of letters AaB, or, if no attention is paid to 
which bridge is used, the crossing from A to B is simply de- 
noted by AB. Similarly going from B to D would be denoted by 
BfD, if we want to call attention to the bridge used, or simply 
by BD, if we do not. In the same fashion, going from A first 
to B and then to D is denoted by ABD. (Since no small letters 
are used, we do not know whether the crossing from A to B 
was by way of bridge a or b). Crossing over one bridge takes 
us from one region to a second one; and conversely, going 
from one region to a second one and from the second one to 
a third involves two bridges. In general, it is easy to see, the 
number of regions (that is, the number of capital letters) in 
a given course must be greater by one than the number of 
bridges crossed. In the Konigsberg problem, therefore, we 
know that if the required course can be traced, over seven 
bridges, it must be designated, by eight letters. 

Furthermore, since there are two bridges from A to B, the 
letters A and B must appear next to each other (either as AB 
or BA) twice in the sequence of eight letters; similarly, the 
letters A and C also must appear next to each other twice, 
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while the letters AD (or DA), BD (or DB), and CD (or D ) 
must each occur once. The question then is. Can a sequence 
of eight letters be formed in which this arrangement of letters 
holds? The whole rest of the paper is devoted to the problem 
of investigating the possibility of this letter sequence (or gen- 
erally, other letter sequences of similar sort). 

Euler reasons as follows. (The problem is made a little 
easier, as we shall see, because each of the four regions A, B, 
C, D, has au odd number of bridges leading to ic.) Ifa region 
has just one bridge leading to it, then the letter (say. A) of 
the region must occur just once, namely as either the starting 
point or the arrival point for a crossing. Suppose there are 
three bridges leading to the region A. Then the letter A must 
occur twice, whether the traveler starts in A or not. (See Fig- 
ures 7-4a and 7-4b). And again, if there are five bridges lead- 



Figure 7-4 


ing to region A, then the letter A must occur three times. Gen- 
erally, if there is an odd number of bridges leading to a region, 
the number of times which that letter must occur is equal to 
the number of bridges plus 1, divided by 2. 

This immediately answers the question about the Konigs- 
berg problem. Since five bridges lead to A, the letter A must 
occur three times. Since three bridges lead to B, the letter B 
must occur twice. Since three bridges lead to C, the letter C 
must occur twice. Finally, since three bridges lead to D, the 
letter D must occur twice. Thus the total sequence of letters 
must contain 3 ^’s, 2 B’s, 2 C’s, and 2 D’s. But that is a total 
of 9 letters; yet the total sequence of letters is only supposed 
to consist of 8 letters (since each bridge is to be crossed just 
once.) Hence the problem is insoluble, since two incompatible 
conditions must be met: When we consider the problem as a 
w ole, we find that just 8 letters must describe the series of 
crossings. When we consider the problem region fay region, we 
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find that a total of 9 letters is needed to describe the cross- 
ings. Thus Euler has proved what, he tells us, had always been 
suspected but had never been demonstrated — that the required 
course over the seven bridges cannot be traced. 

Euler immediately sets out to generalize his solution. He 
begins by investigating the situation when an even number of 
bridges leads to a region. Let us say that two bridges lead to 
region A. It immediately becomes apparent that it makes a 
oitrerence whether the course begin at A or not. If two bridges 
lead to A, and the beginning of the course is in A, then the 
letter A will occur twice. (See Figure 7-5a.) 




Figure 7-5 

But if two bridges lead to A, and the beginning of the course 
is not in A, then the letter A will occur only once. (See Fig- 
ure 7-5b.) 



Similarly, consider the case of four bridges leading to A. If 
the beginning of the course is at A, then the letter A must occur 
three times, but if the beginning of the course is not a A, then 
the letter A must occur just twice. (See Figures 7— 6a and 7— 6b). 
And the general rule is that if n is an even number of bridges 
leading to a region, then the number of times which the letter 

A must occur is equal to^, if the beginning of the course is 
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not in A. But if the beginning of the course is in A, &en the 
number of times which the letter A must occur is given by 

n 


r+1. 


Suppose, then, that we have a problem where there area 
number of regions, and where some of die regions have odd 
numbers of bridges leading to them, while others have even 
numbers of bridges leading to them. How can we determine 
how many times each letter must occur (when we consider 
the problem region by region)? Euler’s reasoning goes like 
this: Let us assume that the beginning of the course is in some 
region that has an odd number of bridges leading to it. Then 
the problem becomes perfectly determinate. For in the case 
of regions with odd numbers of bridges, it makes no difference 
where the course starts; consequently, I can determine the 
number of times that each letter designating an “odd” region 
must occur from the number of bridges. Now the rest of the 
problem is also determinate. For if the course starts in one oi 
the "odd" regions, 1 can determine the number of times that 
each letter designating an “even” region must occur from the 
rule that applies when the start is not in an “even” region. 

What if the beginning of the course is in one of the “even’ : 
regions? This means that for one region, but only one region , 
the number of times that the letter designating that regiot 
occurs must be increased by one. None of the other letter oc- 
currences need to be changed, because as far as the other ever 
regions go, the beginning of the course is stiff in a region othei 
than themselves. And, of course, as far as the “odd” region; 
are concerned, the numbers of times that the letters designat 
ing them occur are not at all affected by where the beginning 
is made. So the rule for finding the number of times that the 
letters designating the various regions occur is very simple; 
For the “odd” regions take half of the sum obtained by adding 
one to the number of bridges; for the “even” regions take hall 
of the number of bridges. This will give the number of lettei 
occurrences, if the start of the course is in an “odd” region. II 
e start is in an “even” region, simply add one to the previouj 
sum. If the sum is equal to the number of letter occurrences in 
me problem as a whole, it is soluble. 

,™ s J° lves 1116 eeneraI problem, but Euler is still not sat- 
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. ' , e £eneraI solution is too complicated for easy appli 
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cal ?’ SU ^ S we consider each region separately, and 
calculate the number of timpc * • 


will nu °* er °t times that the letter of that regioi 

om the number of bridges leading into it. Next 
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ie sure to start the course in an “odd” region; otherwise, one 
oore will be added from the fact that one of the “even” 
egions contains the start.) 

If there are more than two “odd” regions, either four, or 
ix, or more, the problem will not have a solution. Each two 
odd” regions will add one to the number of letter occurrences 
ibove the number of bridges, and the result will be a number 
oo large for the solution to be possible. (This is what happens 
n the Konigsberg problem.) 

And so, as the result of Euler’s analysis, we can say that 
‘bridge” problems similar to the Konigsberg problem can be 
,'olved, provided all the regions are “even” or no more than two 
■egions are “odd.” If we have two “odd" regions, then we must 
tart the course in one of the odd regions. 

Nov/ let us make a slight switch on Euler’s problem. Let us 
replace the picture of river, island, and bridges with a differ- 
ent diagram. Let each of the four regions A, B, C, D be re- 
placed by a point. Let each of the seven bridges a, b, c, d, e, 
f, g be replaced by a line joining two of the points. The 
Konigsberg diagram will then become like Figure 7-7. 



& 

Figure 7-7 


Why is it legitimate to replace entire “regions” by poin 
For the purposes of Euler’s problem, there is no real difieren 
between his regions and points. The basic and essential ft 
about the four regions is that they must be totally unconnect 
except by bridges. And this is exactly the case with four poii 
located in space. They have no connection until we draw lir 
joining them (corresponding to the bridges). It is also apparr 
that there are any number of equivalent diagrams that I cot 
draw for the Konigsberg problem. For example, consic 
Figures 7-8a, b, and c. Each one of them is the “same” 
the Konigsberg diagram. 
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Euler’s general problem may now be stated as follows 
Given any figure consisting only of lines joining a number < 
vertices, can we determine whether such a figure can be trace 

a b c 

Figure 7-8 

by a continuous line, without any part of the line being n 
traced? and the answer which Euler has found is this: Cor 
sider each vertex. Count the lines joining this vertex. If a 
the vertices are joined to others by even numbers of lines, th 
problem has a solution. If two of the vertices are joined t 
others by odd numbers of lines, the problem still has a solu 
tion, but we must start to trace our line from one of the “odd 
vertices. If more than two vertices are joined by odd num 
bers of lines, the problem is not soluble. 

Look at the three diagrams, 7— 9a, b, and c. Although the; 
become progressively more complicated, the simplest on 
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cannot be traced in one continuous line, because it has four 
^odd” vertices (tbat is. four vemce& wuere three lines cornc 
together). The figure in 7-9 b curbs C-™ in one continuous 
line provided we start at one c_ the c~~5 j i -t^Lkad i, 

while the figure in 7-9c can be ct-.-t -U 2 rs ~s 
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so as to connect one end with the other. However, before 
laking the final connection (by pasting or in some other way) 
re twist the rectangle so as to place C on A and D on B. 
See Figure 7-10.) 


Figure 7-10 



he resulting figure is the Moebius strip. (See Figure 7-11.) 



Figure 7-11 


If we trace a iine parallel to the two long sides of the rec- 
lgle (such as the dotted line in the figure), we find that al- 
. start ’ 011 “outside” of the strip, pretty soon we are 
the “inside” of it. If you puncture the strip somewhere along 
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the dotted line' and then, make a cut fcuQwmg tzat ~ 
the way around, you will find that the strip has net been, sep- 
arated in two parts. It is still one whole! 

. The coloring of maps gives rise to a fzscmatng picrf e tzz: 
belongs to topology: We wish to color a map m such a fash- 
ion that the same color shall not appear cz both sices cf a 
boundary between two countries. (If several countries cczre 
together at only one point, then the same color map re used' 
The problem is: If the map is drawn on a plane surface, whs; 
is the least number of colors that have to be usecT Turn s 


one of those problems, like the one of the Kcnigsberg bridges, 
where everyone is pretty sure of the answer, bur z c cue has 
been able to prove that the answer is correct. You wm lose 
no money if you bet that four colors are suSefeur bur rzzzue- 
matically speaking, the problem is still unsolved. InricenuCm 
it has been proved that at most five colors need to he used fzr 
a map on a plane surface. 
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Laplace — The Theory of Probability 


PART I 


In the previous chapter, Euler introduced us to a new branch 
of mathematics, topology. In this chapter, Laplace makes us 
acquainted with yet another branch of mathematics, the cal- 
culus of probability. It is not so difficult to understand that the 
treatment of probabilities belongs to mathematics; but it is 
, important to remember that Laplace is concerned only with 
' the mathematics of probabilities. For example, if we know 
how probable it is that a baby will be a girl (it is not quite 
the same probability as that it will be a boy) , and how probable 
it is that a given child will have blond hair, then Laplace’s 
calculus can tell us how probable it is that a newborn baby 
will be a blond girl. This calculus cannot, however, tell us 
anything about the probability of a baby being a girl: this 
is a matter for medicine and statistics to determine. 

Just as geometry and calculus cannot tell us anything about 
the motions of the planets and yet are used in the calculations 
which astronomers make about these motions, so the calculus 
of probabilities is a tool that is used in many different sciences, 
without itself giving us information about the content of these 
sciences. 
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Pierre Simon de Laplace: 

A Philosophical Essay on Probabilities* 


Chapter I 
INTRODUCTION 


This philosophical essay is the development of a lecture on 
robabilities which I delivered in 1795 to the normal schools 
hither I had been called, by a decree of the national conven- 
on, as professor of mathematics with Lagrange. I have re- 
ently published upon the same subject a work entitled The 
' nalytical Theory of Probabilities. I present here without the 
id of analysis the principles and general results of this theory, 
pplying them to the most important questions of life, which ' 
re indeed for the most part only problems of probability, 
trictly speaking it may even be said that nearly all our knowl- 
dge is problematical; and in the small number of things which 
re are able to know with certainty, even in the mathematical 
ciences themselves, the principal means for ascertaining truth 
-induction and analogy — are based on probabilities; so that 
he entire system of human knowledge is connected with the 
heory set forth in this essay. Doubtless it will be seen here 
vith interest that in considering, even in the eternal principles 
>f reason, justice, and humanity, only the favorable chances 
which are constantly attached to them, there is a great ad- 
vantage in following these principles and serious inconvenience 
in departing from them: their chances, like those favorable to 
lotteries, always end by prevailing in the midst of the vacilla- 
tions of hazard. I hope that the reflections given in this essav 
may merit the attention of philosophers and direct it to a 
subject so worthy of engaging their minds. 


*, Fron ! 4 Philosophical Essay on Probabilities, trass fcv F W _ 
PP l-19 d F ' L ' Emory (New York: Dover Publications,' Inn_ Ztf: r , 
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Chapter II 

CONCERNING PROBABILITY 

All events, even those which on account of their insignifi- 
cance do not seem to follow the great laws of nature, are a 
result of it just as necessarily as the revolutions of the sun. In 
ignorance of the ties which unite such events to the entire sys- 
tem of the universe, they have been made to depend upon final 
causes or upon hazard, according as they occur and are re- 
peated with regularity, or appear without regard to order; but 
these imaginary causes have gradually receded with the widen- 
ing bounds of knowledge and disappear entirely before sound 
philosophy, which sees in them only the expression of our 
ignorance of the true causes. 

Present events are connected with preceding ones by a tie 
based upon the evident principle that a thing cannot occur 
without a cause which produces it. This axiom, known by the 
name of the principle of sufficient reason, extends even to ac- 
tions which are considered indifferent; the freest will is unable 
.,j without a determinative motive to give them birth; if we as- 
> sume two positions with exactly similar circumstances and find 
that the will is active in the one and inactive in the other, we 
say that its choice is an effect without a cause. It is then, says 
Leibniz, the blind chance of the Epicureans. The contrary 
opinion is an illusion of the mind, which, losing sight of the 
evasive reasons of the choice of the will in different things, 
believes that choice is determined of itself and without motives. 

We ought then to regard the present state of the universe 
as the effect of its anterior state and as the cause of the one 
which is to follow. Given for one instant an intelligence which 
could comprehend all the forces by which nature is animated 
and the respective situation of the beings who compose it — 
an intelligence sufficiently vast to submit these data to analysis 
— it would embrace in the same formula the movements of 
the greatest bodies of the universe and those of the lightest 
atom; for it, nothing would be uncertain and the future, as 
the past, would be present to its eyes. The human mind offers, 
in the perfection which it has been able to give to astronomy, 
a feeble idea of this intelligence. Its discoveries in mechanics 
and geometry', added to that of universal gravity, have enabled 
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after immense calculations he fixed its next passage at t 
perihelion toward the beginning of April, 1 759, which w 
actually verified by observation. The regularity which astre 
omy shows us in the movements of the comets doubtless cxi 
also in all phenomena. 

The curve described by a simple molecule of air or vap 
is regulated in a manner just as certain as the planetary orbi 
the only difference between them is that which comes fit 


our ignorance. 

Probability is relative, in part to this ignorance, in part 
our knowledge. We know that of three or a greater numb 
of events a single one ought to occur; but nothing induces 
to believe that one of them will occur rather than the othoi 


In this state of indecision it is impossible 
their occurrence with certainty. It is, Ini 
one of these events, chosen at will, will 
see several cases equally possible which; 
while only a single one favors it. 

The theory of chance consists 
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rst. But then we have obviously the case of urn B with the 
le difference that the three balls of this last urn would be 
aced by three systems of two balls invariably connected, 
/hen all the cases are favorable to an event the probability 
ages to certainty and its expression becomes equal to unity, 
m this condition, certainty and probability are comparable, 
ough there may be an essential difference between the two 
es of the mind when a truth is rigorously demonstrated to 
ir when it still perceives a small source of error, 
a things which are only probable the difference of the data, 
ch each man has in regard to them, is one of the principal 
ses of the diversity of opinions which prevail in regard to 
same objects. Let us suppose, for example, that we have 
:e urns, A, B, C, one of which contains only black balls 
le the two others contain only white balls; a ball is to be 
wn from the urn C and the probability is demanded that this 
will be black. If we do not know which of the three urns 
tains black balls only, so that there is no reason to believe 
t it is C rather than B or A, these three hypotheses will ap- 
r equally possible, and since a black ball can be drawn only 
he first hypothesis, the probability of drawing it is equal to 
third. If it is known that the urn A contains white balls 
y, the indecision then extends only to the urns B and C, 
. the probability that the ball drawn from the urn C will 
black is one half. Finally this probability changes to cer- 
ity if we are assured that the urns A and B contain white 
Is only. 

t is thus that an incident related to a numerous assembly 
Is various degrees of credence, according to the extent of 
>wledge of the auditors. If the man who reports it is fully 
ivinced of it and if, by his position and character, he in- 
res great confidence, his statement, however extraordinary it 
y be, will have for the auditors who lack information the 
le degree of probability as an ordinary statement made by 
same man, and they will have entire faith in it. But if 
ne one of them knows that the same incident is rejected by 
er equally trustworthy men, he will be in doubt and the in- 
ent will be discredited by the enlightened auditors, who will 
:ct it whether it be in regard to facts well averred or the 
nutable laws of nature. . 

I is to the influence of the opinion of those whom the mul- 
ide judges best informed and to whom it has been accus- 
ed to give its confidence in regard to the most important 
tters of life that the propagation of those errors is due which 
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in times of ignorance have covered the face of the earth. Magic 
and astrology offer us two great examples. These errors incul- 
cated in infancy, adopted without examination, and having 
for a basis only universal credence, have maintained them- 
selves during a very long time; but at last the progress of 
science has destroyed them in the minds of enlightened men, 
whose opinion consequently has caused them to disappear 
even among the common people, through the power of imita- 
tion and habit which had so generally spread them abroad. This 
power, the richest resource of the moral world, establishes and 
conserves in a whole nation ideas entirely contrary to those 
which it upholds elsewhere with the same authority. What 
indulgence ought we not then to have for opinions different 
from ours, when this difference often depends only upon the 
various points of view where circumstances have placed us! 
Let us enlighten those whom we judge insufficiently instructed; 
but first let us examine critically our own opinions and weigh 
with impartiality their respective probabilities. 

The difference of opinions depends, however, upon the 
manner in which the influence of known data is determined. 
The theory of probabilities holds to considerations so delicate 
v, that it is not surprising that with the same data two persons ar- 
,3 rive at different results, especially in very complicated ques- 
* tions. Let us examine now the general principles of this theory. 


Chapter 111 

THE GENERAL PRINCIPLES OF 
THE CALCULUS OF PROBABILITIES 

First Principle . — The first of these principles is the defini- 
tion itself of probability, which, as has been seen, is the ratio 
of the number of favorable cases to that of all the cases 
possible. 

Second Principle. — But that supposes the various cases 
equally possible. If they are not so, we will determine first their 
respective possibilities, whose exact appreciation is one of the 
most delicate points of the theory of chance. Then the prob- 
ability will be the sum of the possibilities of each favorable 
case. Let us illustrate this principle by an example. 

Let us suppose that we throw into the air a large and very 
thin coin whose two large opposite faces, which we will call 
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leads and tails, are perfectly similar. Let us find the prob- 
lbility of throwing heads at least one time in two throws. It is 
dear that four equally possible cases may arise, namely, heads 
it the first and at the second throw; heads at the first throw and 
tails at the second; tails at the first throw and heads at the sec- 
and; finally, tails at both throws. The first three cases are fa- 
vorable to the event whose probability is sought; consequently 
this probability is equal to % ; so that it is a bet of three to one 
that heads will be thrown at least once in two throws. 

We can count at this game only three different cases, namely, 
heads at the first throw, which dispenses with throwing a sec- 
ond time; tails at the first throw and heads at the second; finally, 
tails at the first and at the second throw. This would reduce 
the probability to % if we should consider with d’Alembert 
these three cases as equally possible. But it is apparent that the 
probability of throwing heads at the first throw is Yi , while that 
of the other two cases is !4 , the first case being a simple event 
which corresponds to two events combined: heads at the first 
and at the second throw, and heads at the first throw, tails at 
the second. If we then, conforming to the second principle, 
add the possibility Vi of heads at the first throw to the possi- 
bility Va of tails at the first throw and heads at the second, we 
shall have % for the probability sought, which agrees with what 
is found in the supposition when we play the two throws. This 
supposition does not change at all the chance of that one who 
bets on this event; it simply serves to reduce the various cases 
to the cases equally possible. 

Third Principle . — One of the most important points of the 
theory of probabilities and that which lends the most to illu- 
sions is the manner in which these probabilities increase or 
diminish by their mutual combination. If the events are inde- 


pendent of one another, the probability of their combined ex- 
istence is the product of their respective probabilities. Thus 
the probability of throwing one ace with a single die is %; that 
of throwing two aces in throwing two dice at the same time is 
%c. Each face of the one being able to combine with the six 
faces of the other, there are in fact thirty-six equally possible 
cases, among which one single case gives two aces. Generally 
e probability that a simple event in the same circumstances 
ww occur consecutively a given number of times is equal to 
toe probability of this simple event raised to the power in- 
i''' 1 e y this number. Having thus the successive powers 

eveni wn-'fi 653 Unity diminishi °S. without ceasing, an 
event which depends upon a series of very great probabilities 
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iay become extremely improbable. Suppose then an incident 
e transmitted to us by twenty witnesses in such manner that 
le first has transmitted it to the second, the second to the 
lird, and so on. Suppose again that the probability of each 
istimony be equal to the fraction 9io; that of the incident re- 
citing from the testimonies will be less than Va. We cannot 
etter compare this diminution of the probability than with 
be extinction of the light of objects by the interposition of 
everal pieces of glass. A relatively small number of pieces 
uffices to take away the view of an object that a single piece 
Jlows us to perceive in a distinct manner. The historians do 
lot appear to have paid sufficient attention to this degradation 
if the probability of events when seen across a great number 
if successive generations; many historical events reputed as 
:ertain would be at least doubtful if they were submitted to 
his test. 

In the purely mathematical sciences the most distant con- 
equences participate in the certainty of the principle from 
vhich they are derived. In the applications of analysis to 
ihysics the results have all the certainty of facts or experi- 
:nces. But in the moral sciences, where each inference is de- 
duced from that which precedes it only in a probable manner, 
aowever probable these deductions may be, the chance of 
:rror increases with their number and ultimately surpasses the 
:hance of truth in the consequences very remote from the 
jrinciple. 

Fourth Principle. — When two events depend upon each 
ither, the probability of the compound event is the product 
if the probability of the first event and the probability that, 
this event having occurred, the second will occur. Thus in the 
preceding case of the three urns A, B, C, of which two con- 
tain only white balls and one contains only black balls, the 
probability of drawing a white ball from the urn C is 36 , since 
of the three urns only two contain balls of that color. But when 
a white ball has been drawn from the urn C, the indecision 
relative to that one of the urns which contain only black balls 
extends only to the urns A and B; the probability of drawing 
a white ball from the urn B is Vi ; the product of 36 by Vi, or 
16, is then the probability of drawing two white balls at one 
time from the urns B and C. 

We see by this example the influence of past events upon 
the probability of future events. For the probability of draw- 
ing a white ball from the urn B, which primarily is 36, becomes 
Vi when a white ball has been drawn from the urn C; it would 
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we perceive symmetry, it is not that we regard a symmetrical 
event as less possible than the others, but, since this event 
ought to be the effect of a regular cause or that of chance, the 
first of these suppositions is more probable than the second. 
On a table we see letters arranged in this order, C o n s t an 
t i n o p l e, and we judge that this arrangement is not the re- 
sult of chance, not because it is less possible than the others, 
for if this word were not employed in any language we should 
not suspect it came from any particular cause, but this word 
being in use among us, it is incomparably more probable that 
some person has thus arranged the aforesaid letters than that 
this arrangement is due to chance. 

This is the place to define the word extraordinary. We ar- 
range in our thought all possible events in various classes; and 
we regard as extraordinary those classes which include a very 
small number. Thus at the play of heads and tails the occur- 
rence of heads a hundred successive times appears to us ex- 
traordinary because of the almost infinite number of com- 
binations which may occur in a hundred throws; and if we 
divide the combinations into regular series containing an order 
easy to comprehend, and into irregular series, the latter are 
incomparably more numerous. The drawing of a white ball 
from an urn which among a million balls contains only one 
of this color, the others being black, would appear to us like- 
wise extraordinary, because we form only two classes of events 
relative to the two colors. But the drawing of the number 
475813, for example, from an urn that contains a million 
numbers seems to us an ordinary event; because, comparing 
individually the numbers with one another without dividing 
them into classes, we have no reason to believe that one of 
them will appear sooner than the others. 

From what precedes, we ought generally to conclude that 
the more extraordinary the event, the greater the need of its 
being supported by strong proofs. For, those who attest it being 
able to deceive or to have been deceived, these two causes are 
as much more probable as the reality of the event is less. We 
shall see this particularly when we come to speak of the prob- 
ability of testimony. 

Seventh Principle . — The probability of a future event is the 
sum of the products of the probability of each cause, drawn 
from the event observed, by the probability that, this cause 
existing, the future event will occur. The following example 
will illustrate this principle. 

Let us imagine an urn which contains only two balls, each 



which may be either white or black. One of those balls ts 
awn and is put back into the urn before proceeding to a new 
aw. Suppose that in the first two draws white balls have 
en drawn; the probability of again drawing a white ball at 
e third draw is required. 

Only two hypotheses can be made here: either one of the 
ills is white and the other black, or both are white. In the first 
raothesis the probability of the event observed is 14 ; it is unity 
■ certainty in the second. Thus in regarding these hypotheses 
; so many causes, we shall have for the sixth principle Vs and 
; for their respective probabilities. But if the first hypothesis 
:curs, the probability of drawing a white ball at the third 
:a\v is Vi\ it is equal to certainty in the second hypothesis; 
mltiplying then the last probabilities by those of the cor- 
:sponding hypotheses, the sum of the products, or ?io, will be 
le probability of drawing a white ball at the third draw. 

When the probability of a single event is unknown we may 
appose it equal to any value from zero to unity. The prob- 
bility of each of these hypotheses, drawn from the event ob- 
erved, is, by the sixth principle, a fraction whose numerator 
5 the probability of the event in this hypothesis and whose 
lenominator is the sum of the similar probabilities relative to 
11 the hypotheses. Thus the probability that the possibility of 
he event is comprised within given limits is the sum of the rrac- 
ions comprised within these limits. Now if we multiply each 
Eraction by the probability of the future event, determined in 
the corresponding hypothesis, the sum of the products relative 
to all the hypotheses will be, by the seventh principle, the 
probability of the future event drawn from the event observed. 
Thus we find that an event having occurred successively any 
number of times, the probability that it will happen again the 
next time is equal to this number increased by unity divided 
by file same number, increased by two units. Placing the most 
ancient epoch of history at five thousand years ago, or at 
1,826,213 days, and the sun having risen constantly in the in- 
at 6aC * 1 revo ^ ut ‘ 011 twenty-four hours, it is a bet of 
1>826,214 to one that it will rise again tomorrow. But trv'c 
number is incomparably greater for him who, reco gnizin g in 
e tota!lt y of phenomena the principal regulator of~ davs and 
comse S ’ rf that nothing at the P resen t moment can arrest the 
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nominator is the number 2 raised to a power equal to the num- 
ber of days which have elapsed since the epoch. But the true 
manner of relating past events with the probability of causes 
and of future events was unknown to this illustrious writer. 


PART II 


In the preceding chapter we saw how Euler’s life was spent 
under the patronage of the Russian and Prussian courts. His 
fortunes rose and sank with the shifting political winds of St. 
Petersburg and at Berlin. Pierre Simon de Laplace had to cope 
with the changing political fortunes of his native France — 
but cope he did, very successfully, although his lifetime (1749 
-1827) overlapped the reigns of Louis XVI, the French Revo- 
lution, Napoleon Bonaparte, and Louis XVIII. Laplace held 
several high governmental offices under Napolean, was 
awarded numerous decorations, and achieved the title of 
Marquis. 

Almost all of Laplace’s creative life was spent in work on 
his masterpiece, the Mecanique Celeste. Its five volumes were 
published over a period of twenty-six years. In this work La- 
place attempted — and to a great extent succeeded — to explain 
all the various motions of all the bodies in the solar system by 
means of Newton’s law of universal gravitation. Laplace’s 
work on probability, of which we here have a small part, was 
inspired by his astronomical work, for its need arose there. 

The concept of a probable event is a very tricky one. It is 
very difficult to state what it means without contradiction. Let 
us begin by noting an obvious puzzle: What need was there 
for probability theory in planetary theory based on Newton’s 
laws? Without going into details about those laws, it is well 
known that Newton’s laws of motion, and his law of universal 
gravitation, determine in a precise way all the motions of all 
nodies. Is it only probable that the earth revolves around the 
sun in an ellipse, or is it cer tainl y so? Does the relative posi- 



an of the sun and moon precisely or only probably ilck’i mini' 
ie tides? According to the Newtonian theory, or any oilier 
iter minis tic account of the universe, these results arc certain 
id true, not merely probable. And Laplace himself must have 
lought so, otherwise he would hardly have attempted Ids 
(ecanique Celeste. The reason why such an ambitious project 
:emed possible was precisely that it appeared that with the 
elp of Newton’s laws all the motions of the planetary bodies 
rauld be determined and therefore could be calculated. 

In the preceding paragraph we have employed three related 
oncepts— namely “true,” “certain,” and “probable." Only if 
hese three concepts are clearly distinguished from one mi- 
ither can we hope to understand the nature of probable knowl- 
edge. The important point to realize is that “probable" is not 
ipposed to “true,” but to “certain.” The opposite of “true” is 
“false.” Thus we have two pairs of terms: true-false and 


probable-certain. 

A proposition is either true or false, and this is quite in- 
dependent of whether anybody knows the truth or falsity of 
the proposition. A proposition which is true may to a given 
person, however, be only probable. The reason for this would 
be that the person under consideration has insufficient evidence 
on which to base anything except the judgment “This proposi- 
tion is probable” (he may also be able to say how probable) . 
This explains the role of probability in science: although any 
given event is determined, and although all the propositions of 
the science are true, we may not have — at least initially — suffi- 
cient evidence to know the truth of the propositions and may 
have to rest content with probability. 

Let us take a trivial example of probability: Suppose a base- 
ball broadcast is put on tape and the broadcast begins an hour 
later than the game itself. Now let us assume that someone 
listens to the broadcast, who has no idea of the outcome of the 


game and who does not, in fact, realize that the broadcast is 
delayed. In the eighth inning, the listener hears that team A is 
ahead 7-2. At this time, A actually has already won the game. 
Our listener, however, does not know this; and so all he can say 
th^A ’ s tbat ^ the hgbt his evidence it is probable 
mat A is going to win. He cannot claim that it is certain that 
-am A is going to win, nor can he maintain that he knows that 
is going to win (although it is in fact true) . 

is fM ; . mteres , t ' n 7 coroIJar y °f this is that a proposition which 

basebalUr^ S °r b f ? r0 , bable to a 8 iven person. To return to our 
pie. Lets imagine another game, in which team 
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l leads 7-2 in the eighth inning. In the ninth inning, however, 

; makes a tremendous comeback and wins the game 9-7. 
igain, the listener in the eighth inning, unapprised of the 
nal score, would be justified in saying, “It is probable that A 
> going to win." This would be a perfectly reasonable state- 
lent. It would of course be false, but it would nevertheless 
ie probable. 

Probability, in other words, is always relative to a given 
mount of evidence. We can never simply say, “This proposi- 
ion is probable to such an extent”; we must always use some 
xpression like, “This proposition, on the basis of this evi- 
lence, has such and such probability." It is clear, therefore, 
hat die probability of a given proposition can change — if, 
lamely, the available evidence changes. What may seem like an 
istonishing — that is, very improbable — proposition to some- 
ine when he is first told about it without any (or hardly any) 
ividence, may turn out to be quite probable to him when he 
;ees what the evidence for the proposition is. 

Another way of stating what probability is consists in calling 
it a “reasonable degree of belief.” On the basis of such and 
>uch evidence, it is reasonable to believe that the proposition 
under consideration has this amount of probability. By speak- 
ing of reasonable belief, we call attention to the fact that 
the belief must be based on the available evidence, not on 
“hunches,” or on no evidence at all, or on blind faith. To go 
back to our baseball game example once more: If team A 
leads by 7-2 in the eighth inning, then it is reasonable to be- 
lieve that A will go on to win the game. There may, however, 
os a devoted fan of team B who in the face of adversity still 
claims, “I just know that B is going to pull this game out of the 
fire and win it.” Now this would not be a reasonable belief on 
the basis of the evidence, or at least — to put the matter more 
accurately — it would not be as reasonable as the belief that A 
is going to win. The fact that B does go on to victory in no way 
affects the judgment of the reasonableness (or probability) of 
the earlier beliefs, based on the incomplete evidence at that 
time. 

What are the kinds of things that constitute evidence for the 
probability of a proposition? There is quite a bit of controversy 
here. However, we shall not try to make any determinations of 
what is and is not correct, since this would involve us in dis- 
cussions of induction and similar topics that go beyond the 
mathematical theory of probability. Let us note only one way 
in which evidence for a proposition may be accumulated. Sup- 
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etc.). There might seem to be another, a priori, way Or juugin = 
probability: Confronted with a die we might say that, m me 
absence of any information about previous throws wim this die, 
each number should come up as frequently as the outers. Con- 
sequently, the probability that one number, 5, wSI come tin 
is % or 0.167. 

This last line of reasoning is often attacked, because it a 
an argument from ignorance. That is, it makes sense only be 
cause we say that we have no information about crevice 
throws. But can knowledge be based on ignorance? This seem 
like a weighty objection to the a priori argument; still, ther 
are also some powerful defenses for it. For example, on wh: 
are we to base a probability judgment in the case where ther 
s no past experience? Or must we say that the next throw bi 
io probability whatever? (The answer here would be tha 
iince probability is related to evidence and here there is n~ 
evidence, it is meaningless to speak of a probability judgment.) 
furthermore, when we did have evidence and found that 40 
per cent of the throws came up “5,” we added, apparently 
very reasonably, that the die was loaded. Now whn does this 
mean except that a priori-that is, before being 
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chapters is interested in a calculus of probabilities, not in prob- 
ability as such. To the extent that Laplace has to make a com- 
mitment, however, he seems to favor the a priori school, which 
derives probability from ignorance. “The theory of chance,” 
he writes, 

consists in reducing all the events of the same kind to a 
certain number of cases equally possible, that is to say, 
to such as we may be equally undecided about in regard 
to their existence, and in determining the number of cases 
favorable to the event whose probability is sought. 

Dn the basis of this, Laplace gives his definition of the prob- 
ibility of an event: 

The ratio of this number to that of all the cases possible 
is the measure of this probability, which is thus simply 
a fraction whose numerator is the number of favorable 
cases and whose denominator is the number of all the 
cases possible. 

The real difficulty, of course, comes in determining what 
ire equally possible cases, and this cannot be decided a priori. 
[n the case of a die, it may seem as though we know a priori 
hat there are six equally possible cases, but this is not true, 
rhe six possible cases are equally possible only if we know 
hat the die is not loaded, and this fact can be determined 
)nly by experience. In other words, we know that all six cases 
are equally possible only if we have thrown the die a great 
many times and have found empirically that all six cases come 
up the same, or almost the same, number of times. 

However it be determined, probability is expressed by a frac- 
tion, always less than 1 and more than 0. To say that a prop- 
osition is to be believed with probability 1 would mean that 
the proposition is certainly known to be true, whereas if its 
probability is 0, it would be certainly false. 

In Chapter 3 of his essay, Laplace outlines the principles 
of the calculus of probabilities. Here he states the rules which 
must be employed in performing operations with probabilities. 
Just as there are rules for arithmetic (the calculus of numbers), 
such as a + b = b + a, so there are certain rules about how 
we must combine probabilities. This calculus is a branch of 
pure mathematics; that is, it has nothing to do with how we 
determine probabilities in practice, nor does it in any way 
depend on our definition of probability. This calculus simply 
assumes that there are things called probabilities, and that 
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rtain things can be done with them. The calculus begins 
tere the empirical determination of probabilities leaves off. 
Laplace’s first principle is the definition of probability as 
le ratio of the number of favorable cases to that of all the 
ses possible.” We have already seen that in practice there 
considerable difficulty in knowing what the number of all 
ssible cases is. 

This definition of probability assumes that all the possible 
ses are equi-possible cases. (The probability of throwing a 
with a die is Vr„ because there are 6 equally possible cases, 
d only one of them is favorable, namely, when the 4 comes 
'.) In the second principle Laplace tells us what to do if the 
ssible cases are not all equal. We must then divide the un- 
ually possible cases until we have only equally possible 
ses. Let us look at his example. 

Given a coin that is perfectly balanced and that is to be 
rown twice, what is the probability of throwing heads at 
ist once — that is, either once or twice? Before solving the 
oblem, we should note that it perfectly exemplifies the non- 
ipirical character of Laplace’s procedure. When Laplace 
•ites that the “opposite faces which we will call heads and 
ils, are perfectly similar” he means to tell us that the prob- 
ility of throwing heads in one throw is exactly A. This is 
e meaning of the expression “perfectly similar.” The prob- 
n may therefore be stated as follows: Given a coin, which 
such that the probability of throwing heads in any given 
row is l A, what is the probability of throwing heads at least 
ice in two throws? From one given probability (that of 
rowing heads in one throw) another probability is to be de- 
ved (that of throwing heads once in two throws). Nothing 
said about how the given probability is determined, although 
e may infer from Laplace’s way of stating things that it is 
1 a priori determination. 

In this example, there are four equally possible cases. Let 
> list them in a table. 


First throw 
1st case: Heads 
2nd case: Heads 
3rd case: Tails 
4th case: Tails 


Second throw 
Heads 
Tails 
Heads 
Tails 


Of these four cases, the first three are favorable to the event 
l question (throwing at least one heads) ; hence the probability 
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of this event is Va. There is another, but erroneous, way of 
looking at this problem. According to this second way, there 
are only three cases: 

1st case: Heads in first throw. A second throw is then un- 
necessary, because we have “won.” 

2nd case: Tails in first throw. This is unfavorable, but we 
get another chance and make another throw. This 
time heads comes up and we still “win.” 

3rd case: Tails in first throw. We throw again, but tails 
comes up a second time. We “lose.” 

Of these three cases, the first two are favorable to the event 
in question, and so the probability would seem to be %. But 
this analysis is incorrect, because the three cases are not equally 
possible. The first case actually is twice as “possible” — that is, 
twice as likely to come up as either of the second two. For the 
first case contains in itself two cases; that of heads first and 
heads second, and that of heads first and tails second. If we 
insist on only considering three cases, we must therefore as- 
cribe to the first case (heads at the first throw) the probability 
of A, while the other favorable case (heads at the second 
throw, after the first throw has been tails) has the probability 
of <4. The probability of all the favorable cases is then the 
' ./sum of 'A and Va, or Va. It is probably easier, however, simply 
f to disallow the analysis into three cases and insist that the cor- 
rect analysis takes account of all four cases. 

The third principle is a most important one. It concerns the 
probability of two events both happening, when we know the 
probability of the first event, the probability of the second 
event, and also that the two events are independent of one 
another. This last stricture is most important. If the fact that 
event a has happened influences the probability that b will hap- 
pen, then the probability that a and b will both happen is ob- 
viously quite different from what it would be if the fact that a 
has happened has no influence on the probability of b happen- 
ing. In the former case, a and b are not independent events, 
but in the latter case they are. 

Now if the two events a and b are independent, and if the 
probability that a will happen is p and the probability that b 
will happen is q, then the probability that a and b will both 
happen is p • q. The example which Laplace uses is that of 
two dice being thrown. We wish to know the probability that 
both dice will come up with an ace. Considering only one die, 
the probability of 1 coming up is %; considering only the sec- 
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>nd die, the probability that 1 will come up is also %; the prob“ 
bility that both dice will come up with a 1 is, therefore, % • 
ir %g. To see that this is correct, we need only realize that for 
wo dice there are all together 36 different cases that may arise, 
lamely the following: 


1-1 

2-1 

3-1 

4-1 

5-1 

6-1 

1-2 

2-2 

3-2 

4-2 

5-2 

6-2 

1-3 

2-3 

3-3 

4-3 

5-3 

6-3 

1-4 

2-4 

3-4 

4-4 

5-4 

6-4 

1-5 

2-5 

3-5 

4-5 

5-5 

6-5 

1-6 

2-6 

3-6 

4-6 

5-6 

6-6 


3f all these 36 cases, only one is favorable, namely the 1-1 
:ase. And so its probability is %a- Of course, the probability of 
my other specified combination of faces coming up is exactly 
ihe same; for instance, the probability of getting a 4 with the 
irst die and getting a 5 with the second is also %e. 

Let us try to give another example, but one which is not so 
artificial as one involving dice. What is the probability that a 
given automobile in the United States is ( 1 ) made by manu- 
facturer X, and (2) registered in the state of Y? We must find 
out what the probability of any cars being made by X is; let 
it be 0.5. Then we must find out what the probability of any 
car’s being registered in state Y is; let it be 0.2. We must make 
certain of one another condition: that these two events are 
independent of one another. In practice, they probably are 
not quite independent. It may well be that manufacturer X 
sells more cars in one state than in another; that would make 
the two events to a certain degree dependent on one another. 
For if Y happens to be a state in which X sells more cars than 
it does in Z, then the occurrence of the first favorable event 
(the car being manufactured by X) influences the occurrence 
of the second event favorably (the car’s being registered in 
the state of Y) . But if we assume that X sells exactly the same 
percentage of cars in every state, then the probability of the 
two events both occurring would be 0.5, 0.2 or 0.01. 

The fourth principle considers what we are to do when the 
two events whose combined probability we wish to find are not 
independent of one another. The answer is simple, though 
again in practice not always easy to apply. Suppose the prob- 
ability of a’s occurring is p, and suppose that the probability of 
b s occurring if a has occurred is r. Then the probability of a 
and b both occurrinn is n • r. The Hlffiriiltv nf murw !o in He. 
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termining the value of r. In order to find it, we must be able to 
state what the influence of a’s occurrence on b is. 

Laplace’s example for this case involves three urns, A, B, C. 
All that is known of these three urns is that two of them con- 
tain only white balls, while one contains only black balls. A 
ball is drawn from urn C. What is the probability of its being 
white? There are three possible cases, two of which are favor- 
able to the drawn ball being white, as follows: 

1st case: A — white balls B — white balls C — black balls 

2nd case: A — white balls B — black balls C — white balls 

3rd case: A — black balls B — white balls C — white balls 

Suppose now that a white ball has been drawn from urn C, 
and that we draw another ball from urn B. What is the prob- 
ability of this ball’s being white? Since the ball drawn from C 
was white, only two cases are now left as possibilities (the 
two marked “2nd” and “3rd” in the table above). Hence, on 
the assumption of C’s containing white balls, the probability 
of drawing a white ball from B is . Consequently, the prob- 
ability of drawing white balls from both C and B is equal to 
-,%•% = % or Ys. 

Thus the occurrence or nonoccurrence of past events can 
influence the probability of future events. In the case of the 
three urns, the probability of drawing a white ball from urn B 
is % (if nothing is known about past drawings). If, however, 
a ball is first drawn from urn C and is white, then the prob- 
ability of drawing a white ball from B becomes, as we saw, Vs. 
On the other hand, if a ball is first drawn from C and is black, 
then the probability of drawing a white ball from B becomes 
1 or certainty (since there is only one urn with black balls). 

Laplace formalizes this as the fifth principle. Let an event 
have occurred, such as drawing a white ball from urn C. Cal- 
culate the probability of this event. It is %. Now calculate the 
probability of another event combined of the occurred event 
and another one (drawing a white ball from both C and B); 
this we saw was 5. If we take the last probability (that of the 
combined event) and divide it by the first probability (that 
of the event which actually occurred) , the result will give us 
the probability of the second event( drawing a white ball from 
B) on the basis of C containing white balls. In our example, 
Vs divided by % — Vs. 

This is the place at which to discuss the so-called “gambler’s 
fallacy." It is based on an incorrect analysis of how the past 


a the future. In its broadest p^fectly 1 balanced, 
a: Suppose a com, assumed to be pertec ly 
l a number of times. The probability of el * erb ^ 
'oming up in any given throw is Vi. Consequently.^ 

: a veiy large number of throws, we should expect tha 
hem would be heads and half tails. Suppose, however, 
have made 50 throws, and that of these 35 were heads 
tails. Now let us make tea more throws; all ten come 
s, so that we have a total of 45 heads and 15 tails m 
JS. The “gambler’s fallacy” consists in concluding that 
; there is a probability of more than Vi that the next 
ill be tails. The fallacious reasoning is that the num- 
eads and tails has to “even out”; this is incorrect. We 
, in stating this problem, that the coin was perfectly 
U The probability that the sixty-first throw will come 
is, therefore, exactly Vi; no more and no less. (The 
er all, does not know that the past throws have been 
in favor of heads.) The reason why the probability is 
ed is that there is no dependence of the latter events 
inner (the way there was in the case of the three urns) . 
one other possibility need be considered: we may have 
correct in our initial statement that the coin was per- 
alanced. If this is so — if the coin is weighted in such 
>n as to favor heads — then, of course, the gambler is 
nore foolish to judge that tails are more likely to come 
e sixty-first throw than before. On the contrary, on this 
ion, the gambler will do well to judge that he is faced 
:oin so weighted that the probability of heads coming up 
'bile that of tails coming up is only 14 . 
e sixth principle Laplace goes from events to causes. 

; what we did in discussing the gambler’s fallacy.) Sup- 
at there is a probability of Vz that event a will occur, 
.esult of either cause g, cause h, or cause k. Let us fur- 
mme that the three causes g, h, k are equally probable, 
here is a l/ 3 probability that if a occurs, it will be due to 
e is a 14 probability that if it occurs, it will be due to /i* 
ae is also a Vz probability that if it occurs it will be due 
>mce the probability that the event will occur at all is 

orv. P M 0b , ab i Uty ,° f g exlstln 8 will be y 3 multiplied 
or %. Similarly for the other two causes. 

ally, of course, we will not know, independently of con- 
g the causes that the probability of an event a is Vi or 
Jher figure. Instead, we usually work the other 
1; We U* probability of ^ 
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g is one thing: that the probability of a due to li is something 
else, while the probability of a due to k is yet a third value. 
Then we calculate the probability of g or h or k being the ac- 
tually existing cause on the basis of these figures. 

In his discussion of the seventh principle Laplace gives an 
example which illustrates this. He imagines that there is an 
urn which contains two balls. Each ball may be either black 
or white. We do not know what the colors are before we be- 
gin to draw the balls out. One ball is drawn and found to be 
white. It is replaced in the urn. Another ball is now drawn and 
replaced. It, too, is found to be white. The “event” correspond- 
ing to a above is that of drawing two successive white balls. 
The “causes” which bring this about are different possible con- 
tents of the urn. We know right away that it is impossible for 
both balls to be black. Only two “causes” remain which could 
have caused the event of drawing a white ball each time. 
Either one of the two balls is white and the other black, or 
both balls are white. On the assumption of the first “cause,” 
the probability of drawing two white balls in succession is 14. 
On the assumption of the second “cause,” the probability is 1. 
Then, by the sixth principle, vve calculate the probability of 
either of the two causes existing as follows: Form a fraction 
j whose denominator is the sum of the probabilities of the event 
occurring due to all the causes. In our case, this is 14 + 1, or 
•%. The probability of the first cause existing, is then 14 divided 
by Vi, while the probability of the second cause existing is 1 
divided by %. The resulting probabilities are Vs and Vs. 

But the seventh principle does more than merely illustrate 
the sixth one. There is an additional problem which Laplace 
investigates: In the same example as above (that is, one urn 
with two balls in it, their color unknown before we start draw- 
ing out balls and replacing them), we want to know what the 
probability is that the third time we draw a ball it will be white, 
on the assumption that the first two times the ball drawn was 
white. 

We know, from the sixth principle, that there is a Vs prob- 
ability that one ball is black and one is white, while there is 
a Vs probability that both balls are white. If the first hypothesis 
(one white, one black) is correct, then there is a Vi probability 
that the third ball drawn will be white; if the second hypoth- 
esis (two white balls) is correct, there is a probability of 1 
(that is, certainty) that the third ball will be white. Hence 
the probability of drawing a white ball will be Vs • 14 on the 
basis of the first hypothesis; and it will be Vs • I on the basis 




CHAPTER NINE 
Boole — Algebra and Logic Joined 

PART I 


George Boole, in his Laws of Thought, shows us that there is 
yet another branch of learning which is part of mathematics. 
Here we have logic being treated as a part of mathematics. 
To be sure, it is strange mathematics, with strange laws and 
strange propositions. 

Later developments have shown that Boole was on the right 
track. At present, it is a question whether logic ought to be 
considered a branch of mathematics, or mathematics a branch 
of logic. Indeed, the best way to solve this problem may be 
to say that logic and mathematics are one. 

How important Boole's work has been to modem science 
and technology can be seen when we recall such expressions 
as “mechanical brains” or “thinking machines” for the mod- 
ern computer. What these expressions signify, of course, is 
that these machines can perform certain mathematical opera- 
tions which have a logical counterpart. If the machine is prop- 
erly set up (“programmed”), and if the various operations are 
correctly interpreted, then the computer can be used to per- 
form in a few minutes logical and mathematical calculations 
that it would take a human being weeks or months to perform. 
It is all based on Boole’s insight that logical and mathematical 
operations are, to a certain extent, interchangeable! 
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George Boole: 

The Laws of Thought * 


Chapter II 


OF SIGNS IN GENERAL, AND OF THE SIGNS 
APPROPRIATE TO THE SCIENCE OF LOGIC IN 

particular; also of the laws to which 

THAT CLASS OF SIGNS ARE SUBJECT 


1. That language is an instrument of human reason, an 
lot merely a medium for the expression of thought, is a trul 
generally admitted. It is proposed in this chapter to inquii 
what it is that renders Language thus subservient to the mo 
important of our intellectual faculties. In the various steps ( 
this inquiry we shall be led to consider the constitution < 
Language, considered as a system adapted to an end or pu 
pose; to investigate its elements; to seek to determine the 
mutual relation and dependence; and to inquire in what ma 
ner they contribute to the attainment of the end to which, 
co-ordinate parts of a system, they have respect 
In proceeding to these inquiries, it will not be necessary 
enter into the discussion of that famous question of the school 
whether Language is to be regarded as an essential instrumei 
of reasoning, or whether, on the other hand, it is possible ft 
us to reason without its aid. I suppose this question to be h 
side the design of the present treatise, for the following r eases: 
viz., that it is the business of Science to investigate laws; an 
that, whether we regard signs as the representatives of thini 
and of their relations, or as the representatives of the concej 
tions and operations of the human, intellect, in studying to 
laws of signs, we are in effect studying the manif es ted ~'lav 
of reasoning. If there exists a difference between the two t 
quirtes, it is one which does not affect the scie ntific exnressic- 
ot formal law, which axe the object of investigation in "ti 
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present stage of this work, but relates only to the mode in 
which those results are presented to the mental regard. For 
though in investigating the laws of signs, a posteriori, the im- 
mediate subject of examination is Language, with the rules 
which govern its use; while in making the internal processes 
of thought the direct object of inquiry, we appeal in a more 
immediate way to our personal consciousness, — it will be 
found that in both cases the results obtained are formally 
equivalent. Nor could we easily conceive, that the unnum- 
bered tongues and dialects of the earth should have preserved 
through a long succession of ages so much that is common 
and universal, were we not assured of the existence of some 
deep foundation of their agreement in the laws of the mind 
itself. 

2. The elements of which all language consists are signs 
or symbols. Words are signs. Sometimes they are said to rep- 
resent things; sometimes the operations by which the mind 
combines together the simple notions of things into complex 
conceptions; sometimes they express the relations of action, 
passion, or mere quality, which we perceive to exist among the 
objects of our experience; sometimes the emotions of the per- 
ceiving mind. But words, although in this and in other ways 
they fulfill the office of signs, or representative symbols, are 
not the only signs which we are capable of employing. Arbi- 
trary marks, which speak only to the eye, and arbitrary sounds 
or actions, which address themselves to some other sense, are 
equally of the nature of signs, provided that their representa- 
tive office is defined and understood. In the mathematical 
sciences, letters, and the symbols -f, — , =, &c., are used as 
signs, although the term “sign” is applied to the latter class 
of symbols, which represent operations or relations, rather 
than to the former, which represent the elements of number 
and quantity. As the real import of a sign does not in any way 
depend upon its particular form or expression, so neither do 
the laws which determine its use. In the present treatise, how- 
ever, it is with written signs that we have to do, and it is with 
reference to these exclusively that the term “sign” will be 
employed. The essential properties of signs are enumerated 
in the following definition. 

Definition. — A sign is an arbitrary mark, having a fixed inter- 
pretation, and susceptible of combination which other signs 
in subjection to fixed laws dependent upon their mutual in- 
terpretation. 
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3. Let us consider the particulars involved in the above defi- 

Jt (L) in the first place, a sign is an arbitrary mark. It is clearly 
adifferent what particular word or token we associate with a 
iven idea, provided that the association once made is perma- 
lent The Romans expressed by the word “civitas’ what we 
lesignate by the word “state.” But both they and we might 
equally well have employed any other word to represent the 
iame conception. Nothing, indeed, in the nature of Language 
would prevent us from using a mere letter in the same sense. 
Were this done, the laws according to which that letter would 
require to be used would be essentially the same with the laws 
which govern the use of “civitas” in the Latin, and of state in 
the English language, so far at least as the use of those words 
is regulated by any general principles common to all languages 
alike. 

(2.) In the second place, it is necessary that each sign 
should possess, within the limits of the same discourse or proc- 
ess of reasoning, a fixed interpretation. The necessity of this 
condition is obvious, and seems to be founded in the very 
nature of the subject. There exists, however, a dispute as to 
the precise nature of the representative office of words or sym- 
bols used as names in the processes of reasoning. By some it 
is maintained, that they represent the conceptions of the mind 
alone; by others, that they represent things. The question is 
not of great importance here, as its decision cannot affect the 
laws according to which signs are employed. I apprehend, 
however, that the general answer to this and such like ques- 
tions is, that in the processes of reasoning, signs stand in the 
place and fulfill the office of the conceptions and operations 
of the mind; but that as those conceptions and operations rep- 
resent things, and the connexions and relations of things, so 
signs represent things with their connexions and relations; and 
lasdy, that as signs stand in the place of the conceptions and 
operations of the mind, they are subject to the laws of those 
conceptions and operations. This view will be more fully elu- 

tt>iV f In , next chapter; but it here serves to explain the 
wud of those particulars involved in the definition of a sign 

th ' t,? b]e f U -° n - t0 2x6(1 laws of combination depending upon 
the nature of its interpretation. P 

the'J!rr alyS l S *** edification of those signs by which 
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Proposition I 

All the operations of Language, as an instrument of reasoning, 
may be conducted by a system of signs composed of the fol- 
lowing elements, viz-' 

1st. Literal symbols, as x, y, &c., representing things as sub- 
jects of our conceptions. 

2nd. Signs of operation, as +, — , X, standing for those 
operations of the mind by which the conceptions of things are 
combined or resolved so as to form new conceptions involving 
the same elements. 

3rd. The sign of identity, =. 

And these symbols of Logic are in their use subject to defi- 
nite laws, partly agreeing with and partly differing from the 
laws of the corresponding symbols in the science of Algebra . 

Let it be assumed as a criterion of the true elements of ra- 
tional discourse, that they should be susceptible of combination 
in the simplest forms and by the simplest laws, and thus com- 
bining should generate all other known and conceivable forms 
of language; and adopting this principle, let the following 
classification be considered. 


CLASS I 

5. Appellative or descriptive signs, expressing either the 
name of a thing, or some quality or circumstance belonging 
to it. 

To this class we may obviously refer the substantive proper 
or common, and the adjective. These may indeed be regarded 
as differing only in this respect, that the former expresses the 
substantive existence of the individual thing or things to which 
it refers; the latter implies that existence. If we attach to the 
adjective the universally understood subject ‘being” or ‘thing,” 
it becomes virtually a substantive, and may for all the essential 
purposes of reasoning be replaced by the substantive. Whether 
or not, in every particular of the mental regard, it is the same 
thing to say, “Water is a fluid thing,” as to say, “Water is fluid”; 
it is at least equivalent in the expression of the processes of 
reasoning. 

It is clear also, that to the above class we must refer any 
sign which may conventionally be used to express some cir- 
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itances or relation, the detailed exposition of which would 
ve the use of many signs. The epithets of poetic diction 
ery frequently of this kind. They are usually compounded 
tives, singly f ulfillin g the office of a many-worded de- 
tion. Homer’s “deep-eddying ocean” embodies a virtual 
iption in the single word ftadvSiv jjs. And conventionally 
>ther description addressed either to the imagination or to 
itellect might equally be represented by a single sign, the 
f which would in all essential points be subject to the same 
as the use of the adjective “good” or “great.” Combined 
the subject “thing,” such a sign would virtually become 
istantive; and by a single substantive the combined mean- 
oth of thing and quality might be expressed. 

Now, as it has been defined that a sign is an arbitrary 
:, it is permissible to replace all signs of the species above 
ibed by letters. Let us then agree to represent the class of 
iduals to which a particular name or description is ap- 
ble, by a single letter, as x. If the name is “men,” for in- 
e, let x represent “all men,” or the class “men.” By a 
is usually meant a collection of individuals, to each of 
h a particular name or description may be applied; but in 
work the meaning of the term will be extended so as to 
ide the case in which but a single individual exists, an- 
ing to the required name or description, as well as the 
> denoted by the terms “no thin g” and “universe,” which 
classes” should be understood to comprise respectively 
beings,” “all beings.” Again, if an adjective, as “good,” is 
loyed as a term of description, let us represent by a letter, 
, all things to which the description “good” is applicable, 
‘all good things,” or the class “good things.” Let it further 


tgreed, that by the combination xy shall be represented 
class of things to which the names or descriptions repre- 
ed by x and y are simultaneously applicable. Thus, if x 
te stands for “white things,” and y for “sheep,” let xy stand 
“white sheep”; and in like manner, if z stand for “horned 
gs,” and x and y retain their previous interpretations, let 
represent “horned white sheep,” i.e. that collection of things 
vhich the name “sheep,” and the descriptions “white” and 
raed ’ are together applicable. 

-et us now consider the laws to which the symbols x, y. 


- used in the above sense, are subject. 

Kircf . , .. . 


F ‘ ^ k evident, that according to the above combina- 
is, the order in which two symbols are written is indifferent. 
e expressions ^ and yx equally represent that class of things 
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to the several members of which the names or descriptions 
and y are together applicable. Hence we have, 

xy = yx. ( 

In the case of x representing white things, and y sheep, eith 
of the members of this equation will represent the class 
“white sheep.” There may be a difference as to the order 
which the conception is formed, but there is none as to t 
individual things which are comprehended under it. In li 
manner, if x represent “estuaries,” and y “rivers,” the expr< 
sions xy and yx will indifferently represent “rivers that £ 
estuaries,” or “estuaries that are rivers,” the combination 
this case being in ordinary language that of two substantive 
instead of that of a substantive and an adjective as in the pi 
vious instance. Let there be a third symbol, as z, represent 
that class of things to which the term “navigable” is applicab 
and any one of the following expressions, 
zxy, zyx, xyz, &c., 

will represent the class of “navigable rivers that are estuarie: 

If one of the descriptive terms should have some impli 
reference to another, it is only necessary to include that r< 
erence expressly in its stated meaning, in order to render t 
above remarks still applicable. Thus, if x represent “wise” ai 
y “counsellor,” we shall have to define whether x implies w 
dom in the absolute sense, or only the wisdom of couns 
With such definition the law xy — yx continues to be valii 
We are permitted, therefore, to employ the symbols x, y, 
&c., in the place of the substantives, adjectives, and descripti 
phrases subject to the rule of interpretation, that any exprt 
sion in which several of these symbob are written together sfu 
represent all the objects or individuab to which their sevei 
meanings are together applicable, and to the law that the ord 
in which the symbob succeed each other b indifferent. 

As the rule of interpretation has been sufficiently exemp 
fied, I shall deem it unnecessary always to express the subje 
“things” in defining the interpretation of a symbol used f 
an adjective. When I say, let x represent “good,” it will be u 
derstood that x only represents “good” when a subject for th 
quality is supplied by another symbol, and that, used alon 
its interpretation will be “good thing';.” 

8. Concerning the law above determined, the followii 
observations, which will also be more or less appropriate 
certain other laws to be deduced hereafter, may be added. 

First, I would remark, that this law is a law of thought, ai 
not, properly speaking, a law of things. Difference in the ordi 


e qualities or attributes of an. object, apart from all 
ions of causation, is a difference in conception merely, 
aw (1) expresses as a general truth, that the same thing 
be conceived in different ways, and states the nature of 
lifference; and it does no more than this, 
ondly, as a law of thought, it is actually developed in a 
f Language, the product and the instrument of thought, 
gh the tendency of prose writing is toward uniformity, 
iren there the order of sequence of adjectives, absolute 
:ir me anin g, and applied to the same subject, is indifferent 
oetic diction borrows much of its rich diversity from the 
sion of the same lawful freedom to the substantive also, 
language of Milton is peculiarly distinguished by this 
is of variety. Not only does the substantive often precede 
Ijectives by which it is qualified, but it is frequently placed 
:ir midst. In the first few lines of the invocation to Light, 
leet with such examples as the following: 


“ Offspring of heaven first-born.” 

“The rising world of waters dark and deep." 
“Bright effluence of bright essence increate.” 


>w these inverted forms are not simply the fruits of a 
c license. They are the natural expressions of a freedom 
ioned by the intimate laws of thought, but for reasons 
invenience not exercised in the ordinary use of language, 
lirdly, the law expressed by (1) may be characterized 
tying that the literal symbols x, y, z, are commutative, 
the symbols of Algebra. In saying this, it is not affirmed 
the process of multiplication in Algebra, of which the 
amental law is expressed by the equation 
. . xy=yx, 

isses in itself any analogy with that process of logical 
aination which xy has been made to represent above; but 
that if the arithmetical and the logical process are ex- 
;ed in the same manner, their symbolical expressions will 
abject to the same formal law. The evidence of that sub- 
an is in the two cases quite distinct. 

As the combination of two literal symbols in the form 
xpresses the whole of that class of objects to which the 
es or qualities represented by x and y are together appli- 
e ’ it follows that if the two symbols have exactly the same 
mcauon, their combination expresses no more than either 
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of the symbols taken alone would do. In such case we should 
therefore have 

xy = x. 

As y is, however, supposed to have the same meaning as x, we 
may replace it in the above equation by x, and we thus get 

xx — x. 

Now in common Algebra the combination xr is more briefly 
represented by x~. Let us adopt the same principle of notation 
here; for the mode of expressing a particular succession of 
mental operations is a thing in itself quite as arbitrary as the 
mode of expressing a single idea or operation (II. 3). In ac- 
cordance with this notation, then, the above equation assumes 
the form 

*2 = X, (2) 

and is, in fact the expression of a second general law of those 
symbols by which names, qualities, or description, are sym- 
bolically represented. 

The reader must bear in mind that although the symbols x 
and y in the examples previously formed received significations 
i distinct from each other, nothing prevents us from attributing 
• to them precisely the same signification. It is evident that the 
more nearly their actual significations approach to each other, 
the more nearly does the class of things denoted by the com- 
bination xy approach to identity with the class denoted by x, 
as well as with that denoted by y. The case supposed in the 
demonstration of the equation (2) is that of absolute identity 
of meaning. The law which it expresses is practically exempli- 
fied in language. To say “good, good,” in relation to any sub- 
ject, though a cumbrous and useless pleonasm, is the same as 
to say “good.” Thus “good, good” men, is equivalent to “good” 
men. Such repetitions of words are indeed sometimes em- 
ployed to heighten a quality or strengthen an affirmation. But 
this effect is merely secondary and conventional; it is not 
founded in the intrinsic relations of language and thought. 
Most of the operations which we observe in nature, or per- 
form ourselves, are of such a kind that their effect is aug- 
mented by repetition, and this circumstance prepares us to 
expect the same thing in language, and even to use repetition 
when we design to speak with emphasis. But neither in strict 
reasoning nor in exact discourse is there any just ground for 
such a practice. 

10. We pass now to the consideration of another class of 
the signs of speech, and of the laws connected with their use. 
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CLASS n 


11. Signs of those mental operations whereby we collect 
arts into a whole, or separate a whole into its parts. 

We are not only capable of entertaining the conceptions 
f objects, as characterized by names, qualities, or circum- 
tances, applicable to each individual of the group under 
onsideration, but also of forming the aggregate conception 
f a group of objects consisting of partial groups, each of 
/hich is separately named or described. For this purpose we 
ise the conjunctions “and,” “or,” &c. ‘Trees and minerals,” 
barren mountains, or fertile vales,” are examples of this kind, 
n strictness, the words “and,” “or,” interposed between the 
erms descriptive of two or more classes of objects, imply that 
hose classes are quite distinct, so that no member of one is 
ound in another. In this and in all other respects the words 
‘and” “or” are analogous with the sign + in algebra, and their 
aws are identical. Thus the expression “men and women” is, 
:onventional meanings set aside, equivalent with the expres- 
sion “women and men.” Let x represent “men,” y “women”; 
and let + stand for “ and ” and “or,” then we have 

x + y = y + x, (3) 

an equation which would equally hold true if x and y repre- 
sented numbers, and + were the sign of arithmetical addition. 

Let the symbol z stand for the adjective “European,” then 
since it is, in effect, the same thing to say “European men and 
women,” as to say “European men and European women,” 
we have 


z(x + y)=zx+zy. (4) 

And this equation also would be equally true were x, y, and 
z symbols of number, and were the juxtaposition of two literal 
symbols to represent their algebraic product, just as in the 
logical signification previously given, it represents the class of 
objects to which both the epithets conjoined belong. 

, Phe above are the laws which govern the use of the sign 
t, here used to denote the positive operation of aggregating 
parts into a whole. But the very idea of an operation effect- 
ing some positive change seems to suggest to us the idea of an 
°P p ° s '! e ° r negative operation, having the effect of undoing 
cihio £ ?, rmer one has d°ns. Thus we cannot conceive it pos- 
t° C ° 201 p>arts a w hole, and not conceive it also pos- 
separate a part from a whole. This operation we express 
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in common language by the sign except, as, “All men exce, 
Asiatics,” “All states except those which are monarchical 
Here it is implied that the things excepted form a part of ti 
things from which they are excepted. As we have expressf 
the operation of aggregation by the sign +, so we may expre 
the negative operation above described by — (minus). Thus 
x be taken to represent men, and y, Asiatics, i.e. Asiatic me 
then the conception of “All men except Asiatics” will be e 
pressed by x — y. And if we represent by .t, “states,” and 1 
y the descriptive property “having a monarchial form,” tin 
the conception of “All states except those which are mona 
chical” will be expressed by x — xy. 

As it is indifferent for all the essential purposes of reaso 
ing whether we express excepted cases first or last in the ord 
of speech, it is also indifferent in what order we write aj 
series of terms, some of which are affected by the sign - 
Thus we have, as in the common algebra, 

x - y = - y + x. 0 

Still representing by .t the class “men,” and by y “Asiatics 
let z represent the adjective “white.” Now to apply the adje 
tive “white” to the collection of men expressed by the phra 
“Men except Asiatics,” is the same as to say, “White me 
except white Asiatics.” Hence we have 

z(x-y) — zx -zy. (( 

This is also in accordance with the laws of ordinary algebr 

The equations (4) and (6) may be considered as exemp 
fication of a single general law, which may be stated by sa 
ing, that the literal symbols, x, y, z, &c. are distributive in the 
operation. The general fact which that law expresses is th: 
viz.: — If any quality or circumstance is ascribed to all tl 
members of a group, formed either by aggregation or excl 
sion of partial groups, the resulting conception is the same 
if the quality or circumstance were first ascribed to each mer 
ber of the partial groups, and the aggregation or exclusion e 
fected afterwards. That which is ascribed to the members 
the whole is ascribed to the members of all its parts, howsoev 
those parts are connected together. 


class in 

12. Signs by which relation is expressed, and by which > 
form propositions. 

Though all verbs may with propriety be referred to tl 
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:lass, it is sufficient for the purposes of Logic to consider it as 
ncluding only the substantive verb is or are, since every other 
/erb may be resolved into this element, and one of the signs 
ncluded under Class I. For as those signs are used to express 
quality or circumstance of every kind, they may be employed 
;o express the active or passive relation of the subject of the 
/erb, considered with reference either to past, to present, or 
to future time. Thus the Proposition, “Caesar conquered the 
Gauls,” may be resolved into “Caesar is he who conquered the 
Gauls.” The ground of this analysis I conceive to be the fol- 
lowing: — Unless we understand what is meant by having con- 
quered the Gauls, i.e. by the expression “One who conquered 
the Gauls,” we cannot understand the sentence in question. It 
is, therefore, truly an element of that sentence; another ele- 
ment is “Caesar,” and there is yet another required, the copula 
is, to show the connexion of these two. I do not, however, 
affirm that there is no other mode than the above of contem- 
plating the relation expressed by the proposition, “Caesar con- 
quered the Gauls,”; but only that the analysis here given is 
a correct one for the particular point of view which has been 
taken, and that it suffices for the purposes of logical deduction. 
It may be remarked that the passive and future participles of 
the Greek language imply the existence of the principle which 
has been asserted, viz.: that the sign is or are may be regarded 
as an element of every personal verb. 

13. The above sign, is or are, may be expressed by the sym- 
bol =. The laws, or as would usually be said, the axioms which 
the symbol introduces, are next to be considered. 

Let us take the Proposition, “The stars are the suns and the 
planets,” and let us represent stars by x, suns by y, and planets 
by z; we have then 

x = y + z. (7) 

Now if it be true that the stars are the suns and the planets, 
it will follow that the stars, except the planets, are suns. This 
would give the equation 


x — z — y, (8j 

which must therefore be a deduction from (7). Thus a tern 
r j ^en removed from one side of an equation to the othe; 
y changing its sign. This is in accordance with the algebraii 
rule of transposition. 

® ut ‘ nstea f of dwelling upon particular cases, we may a 
once affirm the general axioms: — 

are 1 ^ ^ added t0 things ’ whole! 
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2nd. If equal things are taken from equal things, the re- 
mainders are equal. 

And it hence appears that we may add or subtract equa- 
tions, and employ the rule of transposition above given just 
as in common algebra. 

Again: If two classes of things, x and y, be identical, that 
is, if all the members of the one are members of the other, 
then those members of the one class which possess a given 
property z will be identical with those members of the other 
which possess the same property z. Hence if we have the 
equation 

x = y; 

then whatever class or property z may represent, we have also 
zx — zy. 

This is formally the same as the algebraic law: — If both mem- 
bers of an equation are multiplied by the same quantity, the 
products are equal. 

In like manner it may be shown that if the corresponding 
members of two equations are multiplied together, the result- 
ing equation is true. 

14. Here, however, the analogy of the present system with 
)that of algebra, as commonly stated, appears to stop. Suppose 
it true that those members of a class x which possess a certain 
property z are identical with those members of a class y which 
possess the same property z, it does not follow that the mem- 
bers of the class x universally are identical with the members 
of the class y. Hence it cannot be inferred from the equation 
zx = zy, 

that the equation 


x = y 

is also true. In other words, the axiom of algebraists, that 
both sides of an equation may be divided by the same quantity, 
has no formal equivalent here. I say no formal equivalent , 
because, in accordance with the general spirit of these inquir- 
ies, it is not even sought to determine whether the mental op- 
eration which is represented by removing a logical symbol, z, 
from a combination zx, is in itself analogous with the operation 
of division in Arithmetic. That mental operation is indeed 
identical with what is commonly termed Abstraction, and it 
will hereafter appear that its laws are dependent upon the laws 
already deduced in this chapter. What has now been shown is, 
that there does not exist among those laws anything analogous 
in form with a commonly received axiom of Algebra. 

But a little consideration will show that even in common 



gebra that axiom does not possess the generality of those 
her axioms which have been considered. The deduction of 
e equation x = y from the equation z x = zy is only valid 
hen it is known that z is not equal to 0. If then the value 
= 0 is supposed to be admissible in the algebraic system, 
ie axiom above stated ceases to be applicable, and the an- 
ogy before exemplified remains at least unbroken. 

15. However, it is not with the symbols or quantity gen- 
-ally that it is of any importance, except as a matter of spec- 
lation, to trace such affinities. We have seen (II. 9) that the 
pnbols of Logic are subject to the special law, 

x 2 = x. 

low of the symbols of Number there are but two, viz, 0 
nd 1, which are subject to the same formal law. We know 
hat 0 2 = 0, and that l 2 = 1 ; and the equation x 2 — x, con- 
idered as algebraic, has no other roots than 0 and 1. Hence, 
istead of determining the measure of formal agreement of 
he symbols of Logic with those of Number generally, it is more 
mmediately suggested to us to compare them with symbols 
if quantity admitting only of the values 0 and 1. Let us con- 
nive, then, of an Algebra in which the symbols x, y, z, &c. 
idmit indifferently of the values 0 and 1, and of these values 
done. The laws, the axioms, and the processes of such an 
Algebra will be identical in their whole extent with the laws, 
Ihe axioms, and the processes of an Algebra of Logic. Dif- 
ference of interpretation will alone divide them. Upon this 
principle the method of the following work is established. 

16. It now remains to show that those constituent parts of 
ordinary language which have not been considered in the pre- 
vious sections of this chapter are either resolvable into the 
same elements as those which have been considered, or are 
subsidiary to those elements by contributing to their more 
precise definition. 

The substantive, the adjective, and the verb, together with 
the particles and, except, we have already considered. The 
pronoun may be regarded as a particular form of the sub- 
stantive or the adjective. The adverb modifies the meaning of 
the verb, but does not affect its nature. Prepositions contribute 
0 ttle ex Pression of circumstance or relation, and thus tend to 
m precision and detail to the meaning of the literal symbols, 
dnn co ( n)U ' lcUons ft ^her, or, are used chiefly in the expres- 
ot relat J° Q among propositions, and it will hereafter be 
the same relations can be completely expressed by 
symbols analogous in interpretation, and identical 


shown that 
elementary 
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i form and law with the symbols whose use and meaning have 
een explained in this Chapter. As to any remaining elements 
f speech, it will, upon examination, be found that they are 
ised either to give a more definite significance to the terms of 
liscourse, and thus enter into the interpretation of the literal 
ymbols already considered, or to express some emotion or 
tate of feeling accompanying the utterance of a proposition, 
ind thus do not belong to the province of the understanding, 
vith which alone our present concern lies. Experience of its 
ise will testify to the sufficiency of the classification whjdi has 
3 een adopted 

Gaata Shavvon, Ador?3i Masar 
JAIPUR-302004 
Chapter III 

DERIVATION OF THE LAWS OF THE SYMBOLS 
OF LOGIC FROM THE LAWS OF THE OPERA- 
TIONS OF THE HUMAN MIND 

1. The object of science, properly so called, is the knowl- 
dge of laws and relations. To be able to distinguish what is 
ssential to this end, from what is only accidentally associated 
nth it, is one of the most important conditions of scientific 
rogress. I say, to distinguish between these elements, because 
consistent devotion to science does not require that the at- 
:ntion should be altogether withdrawn from other specula- 
ons, often of a metaphysical nature, with which it is not unfre- 
uently connected. Such questions, for instance, as the existence 
f a sustaining ground of phenomena, the reality of cause, the 
ropriety of forms of speech implying that the successive states 
f things are connected by operations, and others of a like 
ature, may possess a deep interest and significance in relation 
> science, without being essentially scientific. It is indeed 
:arcely possible to express the conclusions of natural science 
'ithout borrowing the language of these conceptions. Nor is 
lere necessarily any practical inconvenience arising from this 
nirce. They who believe, and they who refuse to believe, that 
lere is more in the relation of cause and effect than an in- 
ariable order of succession, agree in their interpretation of 
ie conclusions of physical astronomy. But they only agree 
ecause they recognise a common element of scientific truth, 
’hich is independent of their particular views of the nature of 
ausation. 
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2. If this distinction is important in physical science, 
ore does it deserve attention in connexion with ths science er 
e intellectual powers. For the questions which nui 
esents become, in expression at least, almost ^n=cess^_i__-' 
ixed up with modes of thought and language, whicn 
metaphysical origin. The idealist would give to the laws Re- 
asoning one form of expression; the sceptic, if true to nes 
•inciples, another. They who regard the phenomena with 
hich we are concerned in this inquiry as the mere successive 
ates of the thinking subject devoid of any causal connexion, 
id they who refer them to the operations of an active inisll:- 
ence, would, if consistent, equally diner in their tncces or 
:atement. Like difference would also result mom a cifereuce 
f classification of the mental faculties. Now the principle 


/hich I would here assert, as affording us the only ground or 
onfidence and stability amid so much of seeming and of real 
iversity, is the following, viz., that if the laws in question are 
eally deduced from observation, they have a real existence 
is laws of the human mind, independently of any metaphysical 
heory which may seem to be involved in the mode of their 
fatement. They contain an element of truth which no ulterior 
iriticism upon the nature, or event upon the reality, of the 
mind’s operations, can essentially affect. Let it even be granted 
hat the mind is but a succession of states of consciousness, a 
series of fleeting impressions uncaused from without or from 
within, emerging out of nothing, and returning into nothing 
again, — the last refinement of the sceptic intellect, — still, as laws 
of succession, or at least of a past succession, the results to 
which observation had led would remain true. They would 
require to be intepreted into a language from whose vocabulary 
all such terms as cause and effect, operation and subject, sub- 
stance and attribute, had been banished; but they would still 
be valid as scientific truths. 


Moreover, as any statement of the laws of thought, founded 
upon actual observation, must thus contain scientific elements 
which are independent of metaphysical theories of the nature 
of the mind, the practical application of such elements to the 
construction of a system or method of reasoning must also be 
independent of metaphysical distinctions. For it is upon the 
scientific elements involved in the statement of the laws that 
any practical a p plicati ° n will rest, just as the practical’ con- 
usions of physical astronomy are independent of any theory 

■1 nL CaUSe ° f , gravitation ’ but rest on ly on the knowledge of 
ph$DOme nal effects. And, therefore, as respects both the 
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determination of the laws of thought, and the practical me of 
them when discovered, we are, for all really scientific ends, un- 
concerned with the truth or falsehood of any metaphysical 
speculations whatever. 

3. The course which it appears to me to be expedient, under 
these circumstances, to adopt, is to avail myself as far as pos- 
sible of the language of common discourse, without regard 
to any theory of the nature and powers of the mind which it 
may be thought to embody. For instance, it is agreeable to 
common usage to say that we converse with each other by the 
communication of ideas, or conceptions, such communication 
being the office of words; and that with reference to any par- 
ticular ideas or conceptions presented to it, the mind possesses 
certain powers or faculties by which the mental regard may 
be fixed upon some ideas, to the exclusion of others, or by 
which the given conceptions or ideas may, in various ways, be 
combined together. To those faculties or powers different 
names, as Attention, Simple Apprehension, Conception or 
Imagination, Abstraction, &c., have been given, — names which 
have not only furnished the titles of distinct divisions of the 
philosophy of the human mind, but passed into the common 
language of men. Whenever, then, occasion shall occur to use 
these terms, I shall do so without implying thereby that I ac- 
cept the theory that the mind possesses such and such powers 
and faculties as distinct elements of its activity. Nor is it in- 
deed necessary to inquire whether such powers or the under- 
standing have a distinct existence or not. We may merge these 
different titles under the one generic name of Operations of 
the human mind, define these operations so far as is necessary 
for the purposes of this work, and then seek to express their 
ultimate laws. Such will be the general order of the course 
which I shall pursue, though reference will occasionally be 
made to the names which common agreement has assigned to 
the particular states or operations of the mind which may fall 
under our notice. 

It will be most convenient to distribute the more definite 
results of the following investigation into distinct Propositions. 


Proposition I 

4. To deduce the laws of the symbols of Logic from a con- 
sideration of those operations of the mind which are implied 
in the strict use of language as an instrument of reasoning. 
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[n every discourse, whether of the mind conversing with its 
n thoughts, or of the individual in his intercourse with 
ers, there is an assumed or expressed limit within which the 
ijects of its operation are confined. The most unfettered dis- 
use is that in which the words we use are understood in the 
lest possible application, and for them the limits of dis- 
use are co-extensive with those of the universe itself. But 
ire usually we confine ourselves to a less spacious field, 
metimes, in discoursing of men we imply (without express- 
, the limitation) that it is of men only under certain circum- 
jnces and conditions that we speak, as of civilized men, or of 
:n in the vigour of life, or of men under some other condi- 
m or relation. Now, whatever may be the extent of the field 
thin which all the objects of our discourse are found, that 
Id may properly be termed the universe of discourse. 

5. Furthermore, this universe of discourse is in the strictest 
nse the ultimate subject of the discourse. The office of any 
ime or descriptive term employed under the limitations sup- 
ased is not to raise in the mind the conception of all the be- 
igs or objects to which that name or description is applicable, 
ut only of those which exist within the supposed universe of 
iscourse. If that universe of discourse is the actual universe 
f things, which it always is when our words are taken in their 
eal and literal sense, then by men we mean all men that exist ; 
mt if the universe of discourse is limited by any antecedent 
mplied understanding, then it is of men under the limitation 
hus introduced that we speak. It is in both cases the business 
if the word men to direct a certain operation of the mind, by 
which, from the proper universe of discourse, we select or fix 
upon the individuals signified. 

6. Exactly of the same kind is the mental operation implied 
by the use of an adjective. Let, for instance, the universe of dis- 
course be the actual Universe. Then, as the word men directs 
as to select mentally from that Universe all the beings to which 
the term “men” is applicable; so the adjective “good,” in the 
combination “good men,” directs us still further to select men- 
y from the class of men all those who possess the further 

Sv and if another adjective were prefixed to the 

combmation good men,” it would direct a further operation 

whi h i S t a mi!>hTh Ure L haVmg reference t0 Aat father quality 
ct ? !t . m 'ght be chosen to express. 

operallThPr! 311 , 1 t0 ™ tice carefull Y the real nature of the 

have been differeTfr^’ ^ * * conceivab,e > ^at it might 
been different from what it is. Were the adjective simply 
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attributive in its character, it would seem, that when a par- 
ticular set of beings is designated by men, the prefixing of the 
adjective good would direct us to attach mentally to all those 
beings the quality of goodness. But this is not the real office of 
the adjective. The operation which we really perform is one of 
selection according to a prescribed principle or idea. To what 
faculties of mind such an operation would be referred, accord- 
ing to the received classification of its powers, it is not import- 
ant to inquire, but I suppose that it would be considered as de- 
pendent upon the tsvo faculties of Conception or Imagination, 
and Attention. To the one of these faculties might be referred 
the formation of the general conception; to the other the fix- 
ing of the mental regard upon those individuals within the 
prescribed universe of discourse which answer to the concep- 
tion. If, however, as seems not improbable, the power of At- 
tention is nothing more than the power of continuing the ex- 
ercise of any other faculty of the mind, we might properly 
regard the whole of the mental process above described as 
referrible to the mental faculty of Imagination or Conception, 
the first step of the process being the conception of the Uni- 
' verse itself, and each succeeding step limiting in a definite 
manner the conception thus formed. Adopting this view, I 
shall describe each such step, or any definite combination of 
such steps, as a definite act of conception. And the use of this 
term I shall extend so as to include in its meaning not only the 
conception of classes of objects represented by particular 
names or simple attributes of quality, but also the combination 
of such conceptions in any manner consistent with the powers 
and limitations of the human mind; indeed, any intellectual 
operation short of that which is involved in the structure of a 
sentence or proposition. The general laws to which such op- 
erations of the mind are subject are now to be considered. 

7. Now it will be shown that the laws which in the preced- 
ing chapter have been determined a posteriori from the con- 
stitution of language, for the use of the literal symbols of 
Logic, are in reality the laws of that definite mental operation 
which has just been described. We commence our discourse 
with a certain understanding as to the limits of its subject, i.e. 
as to the limits of its Universe. Every name, every term of de- 
scription that we employ, directs him whom we address to the 
performance of a certain mental operation upon that subject. 
And thus is thought communicated. But as each name or de- 
scriptive term is in this view but the representative of an 
intellectual operation, that operation being also prior in the 
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>rder of nature, it is clear that the laws of the name or symbol 
aust be of a derivative character,— must, in fact, originate 
a those of the operation which they represent. That the laws 
if the symbol and of the mental process are identical m ex- 

iression will now be shown. _ 

8. Let us then suppose that the universe of our discourse 
s the actual universe, so that words are to be used in the full 
■xtent of their meaning, and let us consider the two mental 
iperations implied by the words “white” and ‘ men. The word 
‘men” implies the operation of selecting in thought from its 
subject, the universe, all men; and the resulting conception, 
men, becomes the subject of the next operation. The opera- 
tion implied by the word “white” is that of selecting from its 
subject, “men,” all of that class which are white. The final re- 
sulting conception is that of “white men.” Now it is perfectly 
apparent that if the operations above described had been per- 
formed in a converse order, the result would have been the 
same. Whether we begin by forming the conception of “men,” 
and then by a second intellectual act limit that conception to 
“white men,” or whether we begin by forming the conception 
of “white objects,” and then limit it to such of that class as 
are “men,” is perfectly indifferent so far as the result is con- 
cerned. It is obvious that the order of the mental processes 
would be equally indifferent if for the words “white” and 
“men” we substituted any other descriptive or appellative 
terms whatever, provided only that their meaning was fixed 
and absolute. And thus the indifference of the order of two 
successive acts of the faculty of Conception, the one of which 
furnishes the subject upon which the other is supposed to op- 
erate, is a general condition of the exercise of that faculty. 
It is a law of the mind, and it is the real origin of that law of 
the literal symbols of Logic which constitutes its formal expres- 
sion [(1) Chapter. II]. 

9. It is equally clear that the mental operation above de- 
scribed is of such a nature that its effect is not altered by repe- 
hhon. Suppose that by a definite act of conception the attention 

SL 1 ^ ed up ° a men > that b y another exercise of the 
faculty we limit it to those of the race who are white 
Jen any father repetition of the latter mental act, by wWch 
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10. Again, it is manifest that from the conceptions of tw 
iistinct classes of things we can form the conception of th: 
:olIection of things which the two classes taken together con 
pose; and it is obviously indifferent in what order of positic 
or of priority those classes are presented to the mental vie\ 
This is another general law of the mind, and its expression 
found in (3) Chap. II. 

11. It is not necessary to pursue this course of inquiry ar 
comparison. Sufficient illustration has been given to rendi 
manifest the two following positions, viz.: 

First, that the operations of the mind, by which, in the e: 
ercise of its power of imagination or conception, it combim 
and modifies the simple ideas of things or qualities, not Ie 
than those operations of the reason which are exercised upc 
truths and propositions, are subject to general laws. 

Secondly, that those laws are mathematical in their fora 
and that they are actually developed in the essential laws c 
human language. Wherefore the laws of the symbols of Log 
are deducible from a consideration of the operations of ti 
mind in reasoning. 

12. The remainder of this chapter will be occupied wit 
questions relating to that law of thought whose expression ; 
x 2 = x (II. 9), a law which, as has been implied (II. 15] 
forms the characteristic distinction of the operations of th 
mind in its ordinary discourse and reasoning, as compare 
with its operations when occupied with the general algebr 
of quantity. An important part of the following inquiry wi 
consist in proving that the symbols 0 and 1 occupy a plact 
and are susceptible of an interpretation, among the symbol 
of Logic; and it may first be necessary to show how particula 
symbols, such as the above, may with propriety and advar 
tage be employed in the representation of distinct systems o 
thought 

The ground of this propriety cannot consist in any com 
munity of interpretation. For in systems of thought so trul; 
distinct as those of Logic and Arithmetic (I use the latter tera 
in its widest sense as the science of Number) , there is, proper! 
speaking, no community of subject. The one of them is con 
vcrsant with the very conceptions of things, the other take 
account solely of their numerical relations. But inasmuch a 
the forms, and methods of any system of reasoning depem 
immediately upon the laws to which the symbols are subject 
and only mediately, through the above link of connexion, upot 
their interpretation, there may be both propriety and advar 
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tage in employing the same symbols in different systems £ 
thought, provided that such interpretations can be assign 
to them as shall render their formal laws identical, and toe; 
use consistent. The ground of that employment will not the 
be community of interpretation, but the community of to 
formal laws, to which in their respective systems they ar 
subject. Nor must that community of formal laws be estafc 
lished upon any other ground than that of a careful observe 
tion and comparison of those results which are seen to flo\ 
independently from the interpretations of the systems unde 
consideration. 

These observations will explain the process of inquir 
adopted in the following Proposition. The literal symbols o: 
Logic are universally subject to the law whose expression i 
x 1 = x. Of the symbols of Number there are two only, 0 ant 
1, which satisfy, this law. But each of these symbols is alsc 
subject to a law peculiar to itself in the system of numerica 
magnitude, and this suggests the inquiry, what interpretation; 
must be given to the literal symbols of Logic, in order tha 
the same peculiar and formal laws may be realized in thf 
logical system also. 


Proposition II 


13. To determine the logical value and significance of th 
symbols 0 and 1. 

The symbol 0, as used in Algebra, satisfies the followin, 
formal law, 

0 Xy = 0, or Oy = 0, (I 

whatever number y may represent. That this formal law ma; 
he obeyed in the system of Logic, we must assign to the sym 
bol 0 such an interpretation that the class represented by 0; 
may be identical with the class represented by 0, whatever th 
class y may be. A little consideration will show that this condi 
u°n is satisfied if the symbol 0 represents Nothing. In accord 
T xr E Pf evious definition, we may term Nothing a class 
a act, Nothing and Universe are the two limits of class ex 

of oenpr i° r ^ ey 216 1116 of the possible interpretation; 

“ S ’ J none of which can relate to fewer individual; 
in thg n ri ;!f 1 * ,nse 1 f T m Nothing, or to more than are comprised 

N0W Whatever the class y ma y be, the indi- 

,,,, 3X5 common to it and to the class “ Nothin g” 


'64 


BREAKTHROUGHS IN MATHEMATICS 


liey are none. And thus by assigning to 0 the interpretatior 
Nothing, the law (1) is satisfied; and it is not otherwise satis 
ied consistently with the perfectly general character of th< 
lass y. 

Secondly, the symbol 1 satisfies in the system of Numbei 
he following law, viz., 

1 X y — y, or ly = y, 

vhatever number y may represent. And this formal equatioi 
ieing assumed as equally valid in the system of this work, ii 
.vhich 1 and y represent classes, it appears that the symbol : 
nust represent such a class that all the individuals which an 
found in any proposed class y are also all the individuals lj 
that are common to that class y and the class represented b; 
1. A little consideration will here show that the class repre 
sented by 1 must be “the Universe,’’ since this is the only clas 
in which are found all the individuals that exist in any class 
Hence the respective interpretations of the symbols 0 and . 
in the system of Logic are Nothing and Universe. 

14. As with the idea of any class of objects as “men,” then 
is suggested to the mind the idea of the contrary class of being! 
which are not men; and as the whole Universe is made up ol 
these two classes together, since of every individual which il 
comprehends we may affirm either that it is a man, or that il 
is not a man, it becomes important to inquire how such con- 
trary names are to be expressed. Such is the object of the fol- 
lowing Proposition. 


Proposition III 

If x represent any class of objects, then will 1 — x represent 
the contrary or supplementary class of objects, i.e. the class 
including all objects which are not comprehended in the class x. 

For greater distinctness of conception let x represent the 
class men, and let us express, according to the last Proposi- 
tion, the Universe by 1; now if from the conception of the 
Universe, as consisting of “men" and “not-men,” we exclude 
the conception of “men,” the resulting conception is that of the 
contrary class, “not-men.” Hence the class “not-men” will be 
represented by I — x. And, in general, whatever class of ob- 
jects is represented by the symbol x, the contrary class will be 
expressed by 1 — x. 

15. Although the following Proposition belongs in strict- 
ness to a future chapter of this work, devoted to the subject 


to or »B« ««fa. “ yiTrettS'ifte 

STe of that law of thought to which it relates, 

tought proper to introduce it here. 


Proposition IV 

axiom of metaphysicians which is termed the P nncl P^ 
tradiction, and which affirms that it is impossible for 
l„ 8 to possess a quality, and at the same time not to pos- 
k a consequence of the fundamental law of thought, 
expression is x 1 ~x. 
us write this equation in the form 
x — x 2 = 0, 

ewe have ... 

*(l-x)“0; . (1) 

hese transformations being justified by the axiomatic 
>f combination and transposition (II. 13). Let us, for 
; ity of conception, give to the symbol x the particular 
retation of men, then I - x will represent the class of 
aen” (Prop. III.). Now the formal product of the ex- 
ons of two classes represents that class of individuals 
t is common to them both (II. 6). Hence x(l — x) will 
*nt the class whose members are at once “men,” and 
men,” and the equation (1) thus express the principle, 
! class whose members are at the same time men and not 
does not exist. In other words, that it is impossible for the 
individual to be at the same time a man and not a man. 
let the meaning of the symbol x be extended from the 
seating of “men,” to that of any class of beings charac- 
by the possession of any quality whatever; and the 
tion (1) will then express that it is impossible for a being 
ssess a quality and not to possess that quality at the same 
. But this is identically that “principle of contradiction’' 
:’a Aristotle has described as the fundamental axiom of all 
xophy. “It is impossible that the same quality should both 

eg and not belong to the same thing This is the most 

f 1 0£ .? u Principles Wherefore they who demonstrate 

r to ma a aa ultimate opinion. For it is by narure the 
•ce ov all the other axioms.” 

above interpretation has been introduced not on ac- 

TC..:. 1 " 1 1 f aia : dlate value ' m &e present system, but as an 
— c: a significant fact in the philosophy of ih= 

^ -' 07,a2 > viz., that what has been commonly reJSd 
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as the fundamental axiom of metaphysics is but the conse- 
quence of a law of thought, mathematical in its form. I desire 
to direct attention also to the circumstances that the equation 
(1) in which that fundamental law of thought is expressed is 
an equation of second degree.* Without speculating at all in 
this chapter upon the question, whether that circumstance is 
necessary in its own nature, we may venture to assert that if 
it had not existed, the whole procedure of the understanding 
would have been different from what it is. Thus it is a con- 
sequence of the fact that the fundamental equation of thought 
is of the second degree, that we perform the operation of 
analysis and classification, by division into pairs of opposites, 
or, as it is technically said, by dichotomy. Now if the equation 
in question had been of the third degree, still admitting of in- 
terpretation as such, the mental division must have been three- 
fold in character, and we must have proceeded by a species of 
trichotomy, the real nature of which it is impossible for us, 
with our existing faculties, adequately to conceive, but the laws 
of which we might still investigate as an object of intellectual 
speculation. 

, 16. The law of thought expressed by the equation (1) will, 

for reasons which are made apparent by the above discussion, 
be occasionally referred to as the “law of duality.” 

♦Should it here be said that the existence of the equation at=xt neces- 
sitates also the existence of the equation x’^x, which is of the third de- 
gree, and then inquired whether that equation does not indicate a process 
of trichotomy ; the answer is, that the equation x*=*x is not interpretable in 
the system of logic. For writing it in either of the forms 

x(l ~x)(l+x) =0, (2) 

x(l— x)(~l— x)=0, (3) 

we see that its interpretation, if possible at all, must involve that of the 
factor 1+x, or of the factor — 1— x. The former is not interpretable, be- 
cause we cannot conceive of the addition of any class x to the universe 
1; the later is not interpretable, because the symbol —1 is not subject to 
the law x(l~ x)=Q, to which all class symbols are subject. Hence the 
equation x 3 ~x admits of no interpretation analogous to that of the equa- 
tion x*=x. Were the former equation, however, true independently of 
the latter, i.e. were that act of the mind which is denoted by the symbol 
x, such that its second repetition should reproduce the result of a single 
operation, but not its first or mere repetition, it is presumable that we 
should be able to interpret one of the forms (2), (3), which under the 
actual conditions of thought we cannot do. There exist operations, known 
to the mathematician, the law of which may be adequately expressed by 
the equation x*=x. But they are of a nature altogether foreign to the 
province of general reasoning. 

In saying that it is conceivable that the law of thought might have been 
different from what it is, I mean only that we can frame such an hy- 
pothesis, and study its consequences. The possibility of doing this in- 
volves no such doctrine as that the actual law of human reason is the 
product either of chance or of arbitrary will. 
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PART II 


Why are geometry and arithmetic both considered to be 
rts of mathematics? What do they have in common? Or to 
t the question broadly, since there are many other parts to 
athematics besides these two, what is the essential character 
a mathematical science? One answer, of long standing, is 
at all branches of mathematics deal with quantity. Thus the 
icient mathematicians pointed out that geometry deals with 
intinuous quantities (such as lines), while arithmetic deals 
ith discrete, quantities (numbers). 

But this answer is to a certain extent unsatisfactory. To say 
lat mathematics “deals” with quantities does not reveal the 
isential character of the mathematical activity. Furthermore, 
is even doubtful whether mathematics is necessarily con- 
jrned with quantities; for instance, when we look back on 
le bridge problem of Konigsberg, or topological problems in 
eneral, it is not apparent that such problems deal with either 
ontinuous or discrete quantities. It seems more accurate to 
ay these problems involve relations, such as “being inside or 
mtside of” or “being to the right of’ and similar ones. 

There is, however, one characteristic that is common to all 
nathematical branches. This is the character of deductiveness. 


Ml mathematical propositions are demonstrated from certain 
definitions, axioms, or postulates. In different parts of mathe- 
matics the definitions and the postulates are different; what is 
not different is that conclusions are demonstrated, step by step, 
horn certain things that are given. 

It makes sense, therefore, to say that the basic character- 
istic of mathematics consists in demonstrating a conclusion 
rom a hypothesis. And so the purest mathematics would be 
3 wh,ch disregards completely what is being demonstrated 
H„Mp ayS ^ tentl<m oniy t0 the P rocess of demonstration or de- 
ls the S °- f course > that the P urest mathematics 

u ^. ,heor y of deduction, or deductive logic. 

Tlmdu rnt iC i G , e °u rge Boole attempts t0 do in the Laws of 

i i Mok P " r ° J WOrk ' Boole des ' :rib « 
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The design of the following treatise is to investigate the 
fundamental laws of those operations of the mind by 
which reasoning is performed; to give expression to them 
in the symbolic language of a Calculus, and upon this 
foundation to establish the science of Logic and con- 
struct its method .... 

Notice that by an opposite way of reasoning we have ar- 
ived at the same place where we were in Chapter 6. There 
vc saw, with the help of Bertrand Russell’s Introduction to 
Mathematical Philosophy, that mathematics can be reduced 
o logic. Here, we are now saying that logic can be seen as the 
leart of mathematics, if we abstract from the particularities 
if various branches of mathematics. (Russell was, of course, 
amiliar with Boole’s work.) In this chapter, following Boole, 
ve will not try to reduce mathematics to logic; rather we shall 
ise what knowledge of mathematics (especially arithmetic 
md algebra) we have to develop a simple and symbolic theory 
if logic. 

George Boole was born in the year 1815 in the town of 
Lincoln in England. Because of the limited Onancial means of 
lis family, Boole very largely had to educate himself. At the 
ige of sixteen he began to teach in an elementary school for 
joys, and four years later he established his own school; his 
nterest in mathematics dated from this time. As the result of 
lome of his work, he gradually became acquainted with the 
eading mathematicians of England. In the year 1849, Boole 
.vas appointed professor of mathematics at Queen’s College 
n Cork. His famous work, The Laws of Thought, of which 
ve have two chapters here, was published in 1854. Boole died 
it the age of forty-nine, in the year 1864. 

Boole’s work marks the beginning of symbolic logic. Since 
lis time, this science has been greatly developed and in some 
•espects changed. One of the major changes is that of sym- 
lolism. If we were to reproduce a typical page here of Russell 
ind Whitehead’s Principia Mathematica, we would see symbol 
ifter unfamiliar symbol. The page would probably look as 
mfamiliar as though it were written in a strange language (as 
ndeed it is) . This proliferation of symbols has as its purpose 
:larity and unambiguity; unfortunately, though this purpose 
is worthy, there is the side-effect of frightening the ordinary 
reader. 

One advantage of Boole’s work is that he introduces a rnini- 
num of new symbolism. In fact, a major portion of his intent 
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;ms to be to reduce logical symbolism to a’g^raical sym- 
licm making only those changes which are absolutely re 
ired’ But though the symbols are for the most part the same 
es as those used in algebra, the meaning of those symbols is 

This is what Boole tells us in Proposition I. There are just 
jee classes of signs which he needs in order to symbolize 

>gic. They are: _ - . 

(1) Letters such as x, y, z, etc. These letters are used to 
^present things. The letters correspond to the things which 
re defined in Euclid’s Definitions, for these letters are the 
lements on which we operate in order to prove certain propo- 
rtions. This is exactly what we do in geometry with lines, tri- 
logies, circles, etc. We perform certain operations with them 
—as stated in the postulates — in order to prove geometrical 
propositions. There is one interesting difference: because logic 
deals with everything than can be thought about, the letters 
x, y, z, etc., may stand for anything. At the same time x, y, z, 
etc., need not be defined, because if we say, in a given problem, 
that x stands for “tree,” we then mean by “tree” just what the 
word ordinarily signifies. 

(2) Signs of operations. Boole mentions 4-, — , X- This 
class of signs corresponds to Euclid’s postulates. Later on 
Boole will tell us just what operations are signified by the va- 
rious signs; they are similar to, but not the same as, the alge- 
braic operations signified by the same signs. 

(3) The third class of signs has only one member; this is 
the sign of identity, =. 

Now let us see what we can say about these various kinds of 
symbols. First, we should note that the literal symbols such as 
i do not actually stand for things, but for classes of things. 
That is, as these symbols are here employed, they do not stand 
for individual things or persons (like “this tree,” or “the man 
named Paul”), but rather classes of things that have a com- 
mon characteristic such as “the class of all white things,” or 
the class of all attorneys,” and so on. Further, we note that 
these literal symbols stand indifferently for things that in 
language are expressed by either nouns or adjectives. That is, 
ican as well stand for substantive things like “persons,” “trees ” 
woks, etc, or for qualities like “white,” “dog-eared,” “beau- 
S .? nd ?.° ?“• Thou e h may seem surprising at first 
When 1 aUy 1S DOt ‘ Elther 51111(1 of word stands for a class. 

that x Ttt T 7 f Sta f ds for " white ’” we mean more accurately 
1 stands for ^ class of all white things. And when we 
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say that y stands for “tree,” we mean more accurately that y 
stands for “the class of all trees.” In addition, the members of 
the class “trees,” — that is, the individual trees — are known to 
belong to the class because they all share in one or more class- 
defining characteristics. But each characteristic would be ex- 
pressed by an adjective, although it might be a very long com- 
pound word, standing for a very complicated characteristic, 
such as “possessing roots and leaves, and a hard trunk that 
grows by annual layers, etc.” Both “white” and “tree,” there- 
fore, really signify a class with a certain characteristic. In the 
first case the characteristic just happens to be very simple, 
while in the second case it is complex. 

Now if we want to signify things which belong to both 
classes x and y, wc do so by forming the expression xy (an- 
alogous to the algebraic product). However, xy in logic will 
not stand for multiplication, but rather for the operation of 
forming a set out of all those members which are common to 
two sets. In the language of sets this is called forming the 
intersection of two sets. Multiplication of algebraic quantities 
is, therefore, the analog of forming the intersection of sets. 

Multiplication has the property of being commutative; that 
is, the product of a times b equals the product of b times a. 
i Is the operation of forming the intersection of two sets also 
commutative? We can easily see that it is. The individuals in 
set x which also belong to set y are the same as the individuals 
in set y which also belong to set x. This is easily seen if we 
represent the two sets x and y by circles. It is this way of rep- 



resenting sets that gave rise to the expression “intersection.” 
The same thing can be seen if we express xy and yx in terms 
of the defining characteristics of x and y. If x is “white” and 
y is “tree,” then xy stands for all those white things which are 
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also trees. And >'.r stands for all those 
It is apparent that xy = yx. Intersec tam c 
tive, therefore, just as multiplication is. Howe 
follow simply from the symbolism employ ec. 
be proved. But because the commutative- 
intersection of sets, xy is a good way or symbv 
section of x and y. 

Next let us consider how to symcolrte ~ 
formed from all those individuals which color 
or to set y or to both x and y. Such a sec 2 
union of x and y. If, as before, x and y sun 
things and all trees, respectively, then the union 
sists of all those things which are either white. 1 
The only things excluded from the union of x 
which are neither x nor y. Here we have no 
decision about the use of the word “or 
this shall include the possibility that c is bod: 
usually called the weak usage o; 

“or” is used in its strong sense, then dr is sf 
eludes the possibility of a being both b and n if 
differently, the “or” employed in these pages 
general is the weak “or.” 

Boole actually uses the strong “or.” He uses : 
for it. In what follows, we shall -s- — e ns 
Boole used the weak “or” and that “ ~ — -- 
tion of forming the union, in its endram sen 
Is the operation symbolized by “ or 


£5 ' 
VCTs ‘ 


is, and incidentally this is true whether - rr u : 
or strong sense. The things which are — f 

both) are clearly the same as the rfr—— — _ 
or white (or both). That is why - h a 
for the union of sets, since h. 

Boole notes that the operation cf ft 
is distributive with respect to forming 


“men,” y for “women,” and z fur z £ 

v , , z(x + y) = 

vor the left-hand expression nueann 
Ibings which are also either ~ — 
expression means: “AH thins 


or European women.” Once 
^e symbolism which Boole bar abuse 
Ibe same properties whether dnrr ■— 
or logically. 

We should note, altucuuu - 
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ave now arrived at a point where the analogy between algebra 
nd logic breaks down. For although, in algebra, multiplica- 
ion is distributive with respect to addition, the reverse is not 
rue: addition is not distributive with respect to multiplication. 
_et us gve an example: 

5(3 + 4 ) = 5 • 3 + 5 -4 = 15 +20 

But suppose I have 

5 + (3 • 4) =17 

If addition were distributed over multiplication, we should 
be able to say that 

(5 + 3) (5 + 4) 

is also equal to 17. But of course it is not; it is 72. 

But matters are otherwise with sets. Here not only is inter- 
section distributive with respect to union, but union is also dis- 
tributive with respect to intersection. Let us give an. example. 
Let z stand again for “European,” let x stand for “Asiatic,” and 
let y stand for “all women.” Consider the union of z and xy — 
that is, 

z + (xy) 

From our definition of union and intersection we know that this 
means “all those things which are European or are Asiatic 
women.” Now let us distribute the union and see what happens: 
(z + x) (z + y) 

What does this mean? The first parenthesis means “all things 
that are either European or Asiatic,” The second parenthesis 
means “All European things or all women.” What is the inter- 
section of these two sets? That is, what sorts of individuals are 
common to both sets? They are “Ail European things or all 
Asiatic women”; but this of course is exactly the same as 
z+(*y). 

Should we be shocked that algebra and logic diverge here? 
Not at all. Boole does not claim that algebra and logic are the 
same; he merely maintains that logic can be symbolized in a 
fashion similar to that employed in algebra. As much as pos- 
sible, Boole uses the same symbolism for logic as for algebra, 
but there is no absolute need to. In fact, the symbols for "in- 
tersection” and “union” usually employed in modern notation 
are different from Boole’s. (The intersection a and b is writ- 
ten aUb, and the union of a and b is aUb.) 

Now let us turn to the most important sign in Boole’s sys- 
tem, namely, “=.” We have already used it here and there, but 
now we must investigate more closely what its meanings and 
properties are. This sign stands for the equality of equivalence 
of two sets. If, for example, the class “man” (x) is defined by 
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the properties “featherless biped” (yz), then we have 

x — yz 

It is actu all y more accurate to say that Boole’s sign “=” stand 
for identity; for it can be employed only when the set on th 
left side of the equation is identical with the set on the righ 
side. This is the case with “man” and “featherless biped”; it i 
also the case with the example which Boole gives, where th< 
set of stars is identical with the set of the suns and planets 
Identity is usually denoted in modern notation by the sigi 
It is important to remember that Boole’s sign = mean: 
identity. This will prevent us from making mistakes. For ex 
ample, how do we signify the statement “All men are animals’” 
Let x stand for man, and y for animals. Do we say then tha 

x =y ? 

No, for this would mean that the set of men and the set of ani 
mals are identical. Obviously, however, the set of animals i: 
much more extensive, since it includes other animals beside: 
men. The set of men is identical with a subset of the set o: 
animals. Boole is well aware of this; later in the book, he use: 
the symbol v to express this situation: 


x = vy. 

All men are some of the animals, or the set of men is a subse 
of the set of animals. The symbol “v” signifies either the won 
“some” or else that we are considering not the entire set y, bu 
a subset of it. 

But let us return to the sign of identity. Obviously, for any x 
x = x. 

The set of x’s is equivalent (identical) to the set of x’s. If ; 
stands for the set of trees, then the set of trees is identical witl 
the set of trees. Now consider the expression x ■ x, or x 2 i: 
we follow algebraic usage. This means the class of all thosi 
trees which are also trees. It is obvious that 
x = x 2 . 

Here is another departure from ordinary algebra, for thi: 
equation is not true in algebra. As before, however, we neec 
not be shocked. On the contrary, it is these places where alge- 
bra and logic diverge that give us the most information aboui 
the character of both. This is true here; the law x = x 2 pro- 
^ B °° le With m im P ortail£ “sight into the symbolism ol 

WhUe the relation x = x 2 is not generally true in algebra 
there are two values of x for which it is true. For if we solve 
&e quadratic equation, we find 
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or 

X(X - 1) = 0. 

The two roots of this equation — that is, the two values of x 
which satisfy this equation — are 0 and 1. If x — 1, then it is 
true that x = x 2 ; similarly, if x = 0, then it is also true that 
x = x 1 . 

This suggests to Boole that the two numbers 0 and 1 might be 
introduced into the logical system, since they follow the same 
rules. He then asks the question, If these two numerical sym- 
bols are introduced into logic, what is their logical meaning? 

It is an algebraic property of 0 that for any y, 

0 y = 0. 

Logically interpreted, this means that the intersection of the 
set 0 and the set y is identical with the set 0. But this is true 
for only one set, namely the set of no members, the so-called 
null set. Hence 0 must represent the null set. 

It is an algebraic property of 1, that for any y, 

l -y — y. 

Logically interpreted, this means that the intersection of the 
set l and the set y is identical with the set y. But this is true for 
only one set also, namely the set of all members, which Boole 
calls “the Universe.” 

Boole has already told us earlier that he interprets the sign 

” to be the opposite of “+” and that it means “except.” 
Hence, he now says, the expression I — x means “everything 
except x." 

What is the meaning of the basic logical equation, 
x( 1 —x) = 0? 

The left side stands for the intersection of everything that is 
x with everything except x. What do these two sets have in 
common? Nothing, of course, and this is what the right side 
of the equation also states. 

This, Boole says, is the symbolic expression of the Law of 
Contradiction. For the equation states that no class exists whose 
members at the same time possess the attribute x and the at- 
tribute of not having x. The equation expresses 

that it is impossible for a being to possess a quality and 

not to possess that quality at the same time (p. 265). 

This is where Boole stops, in the two chapters under con- 
sideration. His symbolism is now complete, or nearly so for 
operations with classes. What remains to be done? At least two 
major steps: First, Boole must go from statements about 
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ses to propositions. That is, instead of merely expressing 
■titles that state class-defining properties (like “The stars 
all the suns and all the planets”), he must go to assertions 
“All men are mortal.” Secondly, he must develop a calculus 
these propositions; that is, he must tell us what to do with 
e propositions in order to derive other propositions from 
n. Thus, he must develop what is called a “propositional 
:ulus” (sometimes called a sentential calculus, since propo- 
ras are expressed fay sentences) . 

q order to derive “All men are mortal” from two proposi- 
is like “All animals are mortal” and “All men are animals,’' 
teory of deduction has to be developed. That is, rules must 
itated, according to which certain operations are performed, 
ling to the desired results. Aristotle, in the Fourth century 
,, had already stated some rules for the theory of deduction, 
his logic employed no mathematical symbolism. What is 
ded now is quasi-mathematical rules to accomplish the 
le thing. 

ill these things which we say need to he done have been 
omplished by Boole and by later symbolic logicians. There 
t completely developed propositional calculus and a theory 
deduction. In fact, of course, symbolic logic goes far he- 
ld this, into areas Boole never dreamed of. As is almost the 
e when a science becomes highly developed, the foundations 
it are closely investigated (as in Russell and Whitehead’s 
ncipia Mathematica ) . As the result of such close and pains- 
ing investigations, difficulties, problems, and even para- 
des have been discovered in logic. But this in no way lessens 
orge Boole’s accomplishment, who almost single-handedly 
inded the science of symbolic logic. 




BREAKTHROUGHS IN MATHEMATICS 


3 

Korner, S. The Philosophy of Mathematics: An Introduc- 
tion. New York: Harper & Row, 1962. 

Langer, Suzanne K. Introduction to Symbolic Logic. New 
York: Dover, 1953. 

Lewis, C.I., and Langford, C. H. Symbolic Logic. New 
York: Dover, 1959. 

Newman, James (ed. ). The World of Mathematics. 4 vols. 

New York: Simon & Schuster, 1960. 

Russell, Bertrand. Essay on the Foundations of Geometry 
(1897). New York: Dover, 1956. 

Singh, Jagjit. Great Ideas of Modern Mathematics. New 
York: Dover, 1959. 

Smith, David Eugene. History of Mathematics. 2 vols. New 
York: Dover, 1958. 

. A Source Book in Mathematics. 2 vols. New York: 

Dover, 1959. 

Sominskii, I.S. The Method of Mathematical Induction. 

New York: Blaisdell Publishing Co., 1962. 
Sommerville, D.M.Y. The Elements of non-Euclidean Ge- 
ometry. New York: Dover, 1958. 

Struik, Dirk J. Concise History of Mathematics. New York: 
Dover, 1948. 

Turnbull, H.W. The Great Mathematicians. New York: 
Simon & Schuster, 1962. 

Weyl, Hermann. Philosophy of Mathematics and Natural 
Science. Princeton, N.J.: Princeton University Press 
1959. 



INDEX 


editary, 177, 180, 191 
:tions, see Classes 
non notions in Euclid’s 
Elern ents, 18, 50-51 
: sections, defined, 96 
auctions 

Descartes, 97-102, 104-10 
Euclid’s Elements, 52-59 
:ompared with Descartes, 
106-7 

sropositions, 17-21, 26-28, 
37 

inuity and Irrational 
Numbers (Dedekind), 
138-49, 152-60 
radiction, principles of, 
265-66, 274 
'erse domain, 173 
ring of maps, 217 
iting 

rchimedes on, 116-26, 
129-37 

cimal system and, 137 
issell on, 186 

e also Arithmetic; Numbers 
es, equations for, 107-9 
ng and not-cutting lines, 
70, 84 


D 

nal system, Archimedes’ 
substitute for, 137 
kind, Richard 
ckground of, 152 
mtinuity and Irrational 
Numbers, 138-49, 152-60 
ictiveness as characteristic 
of mathematics, 267-68 
litions in Euclid’s Elements, 
16-17, 45-47 

numbers, 114-15, 126-27, 
150 

artes, Rene 
ckground of, 102-3 
•ometry, 97-102 
vs. Euclid's method, 104-10 


Division 

number system and, 150-51 
by zero, 151-52 
Domain, defined, 173 
Duality, law of, in Boole, 266 


E 

Earth, diameter of, 

in Archimedes, 117, 132 
Elements of Geometry, see 
Euclid’s 

Elements of Geometry 

Euclid 

his method vs. Descartes’, 
109-10 

significance of, 43 
Euclid’s Elements of Geometry 

Book I, 15-41, 43-62 
common notions, 18, 50-51 
definitions, 16-17, 45-47 
postulates, 17, 47-50; see 
also Fifth Postulate of 
Euclid 

Proposition 1, 17-19, 52-54 
Proposition 2, 19-20, 54-57 
Proposition 3, 20-21, 57 
Proposition 4, 21-22, 57-59 
Proposition 5, 22-23, 59-60 
Proposition 6, 23-24, 60-62 
Proposition 7, 24 
Proposition 8, 25 
Proposition 9, 26 
Proposition 10, 26 
Proposition 11, 27 
Proposition 12, 28 
Proposition 13, 29 
Proposition 14, 29-30 
Proposition 15, 30-31 
Proposition 16, 31-32, 
91-92, 94 

Proposition 17, 32 
Proposition 18, 33 
Proposition 19, 33-34 
Proposition 20, 34 
Proposition 21, 35 
Proposition 22, 36 



182 


INDEX 


1 

Induction, mathematical, 165, 
177-82, 190-94 

Inductive numbers, 182 

Inductive property of numbers, 
177, 191 

Infinity of numbers 
in Archimedes, 116-26, 

129-37 

in Russell, 179 

Introduction to Mathematical 
Philosophy (Russell), 
161-94 

definition of number, 169-76, 
184-88 

finitude and mathematical 
induction, 175-82, 

190-94 

series of natural numbers, 
161-69 

Irrational numbers 

described by Dedekind’s cut; 

145-49, 152-60 
discovered, 149 


K 


Konigsberg, problem of, 
198-206, 207-16 


L 

Lagrange, Joseph Louis, 219 
Language, see Logic 
Laplace, Pierre Simon de 
background of, 230-31 
on probability, 219-30, 

233-41 

Laws of Thought, The (Boole), 
243-66, 268-75 
classes of signs, 246-56, 269 
derivation of laws of symbols, 
256-66, 275 


laws of symbols, 247-56, 
269-71 

Leibniz, Baron Gottfried von, 
197-98, 215, 220 

Lines 

cutting and not-cutting, 70, 84 
Euclid’s definition of, 16, 
45-46 

parallel, see Parallel lines 
skew, 47 

straight, see Straight line3 
Lobachevski, Nicholas 
background of, 80 
The Theory of Parallels, 
68-77 

analytic geometry and, 109 
angles and triangles, 74-77, 
84-92 

pubh'cation of, 80 
substitutes postulate for 
Euclid’s Fifth, 84 

Logic 

laws of symbols in Boole, 
247-56, 269-71 
derivation of, 256-66, 275 
mathematics and 
in Boole, 242, 267-68 
in Frege, 188 
in Peano, 188 

in Russell, 188-89, 190, 194 
symbolic, 268, 275 
See also Proofs 


M 


Maps, coloring of, 217 
Marcellus, 129 
Mathematical induction, 165, 
177-82, 190-94 
Mathematics, common 

characteristic of, 267 
M&canique Cileste, 230-31 
Mechanical brains, 242 
Mersenne, Marin, 102 
Moebius strip, 215-17 
Multiplication, 150 




284 


INDEX 


128-29 

synthetic vs. analytic method, 
109-10 

Propositions of Euclid, see 
Euclid’s Elements of 
Geometry 

Pseudosphere, 93-94 
Pythagoras, 149, 164 
Pythagorean theorem of Euclid, 
108-9 


Q 

Q.E.F., 53 


R 

Rational numbers 

compared with points on 
straight line, 141-45, 
152-58 
defined, 152 
properties of, 140-42 
Reason, derivation of symbols of 
logic from laws of, 
256-66, 275 

Reasonable degree of belief, 
220, 232 

Reduction in Russell’s definition 
of number, 188 

Reduction to the absurd, 60-62, 
155 

Reduction to the opposite, 
128-29 
Relations 

signs of, in Boole, 252-56 
types of, in Russell, 173 
Relative position, see Topology 
Riemann, Bernhard, 80 
geometry of, 93, 94 
Right angles, Euclid’s definition 
of, 16, 46-47 
Russell, Bertrand 
background of, 183-84 
Introduction to Mathematical 


Philosophy, 161-94 
definition of number, 
169-76, 184-88 
finitiude and mathematical 
induction, 175-82, 190-9- 
series of rational numbers 
161-69 


S 

Saccheri, Girolamo, on Euclid’: 
Fifth Postulate, 78-80 

Sand Reckoner, The 

(Archimedes), 116-26, 
129-37 

Schnitt, Dedekind’s, 145-49, 
152-60 

Science, object of, 256 

Sets, see Classes 

Signs 

classes of, 246-56, 269 
defined, 244 

See also: Laws of Thought, 
The 

Similarity and class, 174, 185, 
188 

Skew lines, 47 

Sphere, non-Euclidean geometry 
and, 91-94 

Square roots, see Irrational 
numbers 

Stadium (Greek measure), 
length of, 132 

Straight lines 
in Euclid’s Elements, 44, 
52-57 

defined, 16, 45-46 
propositions, 17-21, 26-28 
in Lobachevski, 70, 76-77, 

84, 92-94 

rational numbers and points 
on, 141-45, 152-58 
in Riemann, 93, 94 
See also Parallel lines 

Subtraction, number system and, 
150-51 

Successor 


INDEX 


285 


defined by Russell, 175-79 
in Peano’s theory, 165-69, 179 
iun, see Planetary theory 
uperimposition, method of, 58 
lymbolic logic, Boole’s work 
as beginning of, 268, 275 
lymbols in Boolean algebra, 
244 

laws of, 247-56, 269-71 
derivation of, 256-66, 275 
lynthetic vs. analytic method, 
109-11 


T 

rheaetetus, 43 
Theory of Parallels, The 

(Lobachevski), 68-77 
analytic geometry and, 109 
angles and triangles, 74-77, 
84-92 

postulate substituted for 
Euclid’s Fifth, 84 
published, 80 
Thinking machines, 242 
Topology 

coloring of maps and, 217 
defined, 215 

Euler on, 197-206, 207-15 
Moebius strip in, 215-17 
Triangles 


angles measured by Gauss, 95 
in Euclid’s Elements, 44-45, 
57-58 

defined, 17 

propositions, 21-25, 34-41 
in Lobachevski, 74-76, 84-92 
Truth and probability, 231 


U 

Universe, in Archimedes, 
117-18, 130-35 


W 

Whitehead, Alfred North, 184 


Z 

Zero 

in Boole, 263-64, 274 
defined as class, 179 
division by, 151-52 
not successor of any number, 
175-78 

as a number, 163, 165 
Zeuxippus, 116 



: Other SIGNET SCIENCE LIBRARY Books 

(60(5 each except where noted) 

The ABC of Relativity by Bertrand Russell 
A clear, penetrating explanation of Einstein’s 
theories and their effect on the world. (?P2177) 

Electronics for Everyone (revised and expanded) 
by Monroe Upton 

This easy-to-read, authoritative book helps you 
to understand today’s wonders in the field of 
electricity, and forecasts the exciting future 
of science. Illustrated. (jT2164 — 7 5(5) 

Frontiers of Astronomy by Fred Hoyle 
An assessment of the remarkable increase 
in our knowledge of the universe. (#T2309 — 75(5) 

Modern Theories of the Universe by James A Coleman 

A concise, impartial explanation of the two 

leading contemporary theories concerning 

the origin of the universe. (#P227 0) 

Medicine and Man by Ritchie Colder 

A comprehensive and authoritative survey 

of important medical events and discoveries 

from earliest times to the present. (#P2168) 

The Nature of the Universe by Fred Hoyle 
A noted astronomer explains the latest facts 
and theories about the universe with clarity 
and liveliness. Illustrated. (#P233l) 

Satellites, Rockets and Outer Space by Willy Ley 
A newly revised and up-dated report on the 
science of rocket development, including an 
evaluation of the satellite, Telstar. (#P22 18) 

Seeing the Earth from Space by Irvins Adler 

A timely, up-to-date report on Russian and 
' American satellites, and what we are learning 
from them about our earth. Illustrated. (#P2050) 



The Crust of the Earth, Samuel Rapport and 
Helen Wright, eds. 

Selections from the writings of the best 
geologists of today, telling the fascinating 
story of billions of years in the life 
of the earth. 


(#P2083) 


[He Edge of the Sea by Rachel Carson 
A guide to the fascinating creatures who 
inhabit the mysterious world where sea and 
shore meet — from Maine’s rocky coast to the 
coral reefs beyond the Florida Keys. 

Illustrated. By the author of Silent Spring. (#P2360) 

The Sea Around Us by Rachel Carson 
An outstanding best-seller and National Book 
Award winner, an enthralling account of 
the ocean, its geography, and its inhabitants. (#P2361) . 

Under the Sea Wind by Rachel Carson 
The story of life among the birds and fish 
on the shore, open sea, and on the sea 
bottom. Illustrated. (fP2239) 


New Handbook of the Heavens by Hubert J. Bernhard , 
Dorothy A. Bennett and Hugh S. Rice 
A guide to the understanding and enjoyment 
of astronomy for beginners as well as the 
more advanced, with star charts and data, 
descriptions of the heavenly bodies, and 
astronomical facts and lore. (#P2023) 

The Sun and Its Family by Irving Adler 
A popular book on astronomy which traces 
scientific discoveries about the solar system 
from earliest times to the present. Illustrated. (#P2037) 

The Stars by Irving Adler 
A clear introduction to the nature, motion, 
and structure of the stars. (=P2G92) 


M °'?. i S“ E2S: If your dealer does not have the Signet and 
cStelh/” w fnc, you may order them by mail, en- 
wotild tits, ? nce p a c °py t0 cover mailing. If yon. 
New AmmV^ ^ catalog, please request it by postcard. The 
T510 Library °- f Wor!d Literature, Inc , P. O Box 

, rand Central Station, New York, New York. 10017. 


THE BEST READING AT REASONABLE PRICES 



SIGNET BOOKS Leading bestsellers, ranging from fine novels, 
plays, and short stories to the best entertain- 
ment in the fields of mysteries, westerns, popular 
biography and autobiography, as well as timely 
non-fiction and humor. Among Signet’s outstand- 
ing authors are winners of the Nobel and Pulitzer 
Prizes, the National Book Award, the Anisfield- 
Wolf award, and many other honors. 


KOOKS 


SIGNET SCIENCE LIBRARY Basic introductions to the various 

' fields of science — astronomy, 

fSifiNFTl Physics, biology, anthropology, mathematics, and 
v- u fI ~ V others — for the general reader who wants to keep 
SCIENCE up with today’s scientific miracles. Among the 
authors are Irving Adler, Isaac Asimov, and 
Ashley Montagu. 


SIGNET REFERENCE AND SIGNET KEY BOOKS A dazzling 

array of die- 

tlonaries, thesauri, self-taught languages, and other 

T practical handbooks for the home library, includ- 
ing nature guides, guides to colleges, bridge, job- 
hunting, marital success, and other personal and 
family interests, hobbies, and problems. 


SIGNET CLASSICS The most praised new imprint in paper- 
bound publishing, presenting mastenvorks 
by writers of the calibre of Mark Twain, Sinclair 
SMS Lewis, Dickens, Hardy, Hawthorne, Thoreau, 
0 vVJF# Conrad, Tolstoy, Chekhov, Voltaire, George Or- 
well, and many, many others, beautifully printed 
and bound, with handsome covers. Each volume 
includes commentary by a noted scholar or critic, 
and a selected bibliography. 





